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Abstract

We consider shock waves satisfying the viscous profile criterion in general
systems of n conservation laws. We study S; ; dual-family shock waves, which
are associated with a pair of characteristic families ¢ and j. We explicitly
introduce defining equations relating states and speeds of S;; shocks, which
include the Rankine-Hugoniot conditions and additional equations resulting
from the viscous profile requirement. Then we develop a constructive method
for finding the general local solution of the defining equations for such shocks
and derive formulae for the sensitivity analysis of S;; shocks under change
of problem parameters. All possible structures of solutions of the Riemann
problems containing S; ; shocks and classical waves are described. As a physical
application, all types of S; ; shocks with i > j are detected and studied in a
family of models for multi-phase flow in porous media.

Keywords: Dual-family shock, viscous profile, conservation laws, sensitivity analy-
sis, Riemann problem, multi-phase flow, porous medium

1 Introduction

In this paper, shock waves in general systems of n conservation laws in one space
dimension x are considered. When shock waves are required to possess viscous profiles
rather than to satisfy Lax’s inequalities, new types of shocks arise. In general, these

*This work was supported in part by: CNPq under Grant 301532/2003-6, FINEP under CT-
PETRO Grant 21.01.0248.00, IM-AGIMB/ IMPA, CAPES under Grant 0722/2003 (PAEP no.
0143/03-00), and President of RF grant No. MK-3317.2004.1

"Instituto Nacional de Matematica Pura e Aplicada — IMPA, Estrada Dona Castorina, 110,
22460-320 Rio de Janeiro RJ, Brazil. E-mail: marchesi@Qfluid.impa.br

Hnstitute of Mechanics, Moscow State Lomonosov University, Michurinsky pr. 1, 119192
Moscow, Russia. E-mail: mailybaev@imec.msu.ru. Current address: Instituto Nacional de
Matematica Pura e Aplicada — IMPA, Estrada Dona Castorina, 110, 22460-320 Rio de Janeiro
RJ, Brazil.



shocks may be associated with the i-th characteristic family on the left and the j-th
characteristic family on the right. We call such waves S;; dual-family shocks. It
was shown in [5] (see also [6]) that for ¢ > j the viscous profile requirement provides
exactly the number of additional equations (i — j equations) that is necessary to
ensure that the number of characteristics emanating from the shock in positive time
direction equals the number of independent equations at the shock interface.

For systems of two equations, transitional shock waves (i = j 4+ 1) were studied
in [4, 12, 14], and novel structures of Riemann solutions resulting from such shocks
were described. Shock waves with one or several additional equations for the viscous
profile were found in problems of wave propagation in ferromagnetics, composite
elastic media, elastic beams, and MHD, see [6], and in three phase flow in porous
media they were analyzed for the case Sy; in [11]. A program for studying stability
in the sense of Hadamard of \S; ; shocks was presented in [7], where a simple example
of S5 shock was exhibited; another example of S;; shock can be found in [8].

In this paper, we explicitly introduce defining equations that relate states and
speeds of S; ; shocks. These equations include Rankine-Hugoniot conditions (basic
equations) and additional equations resulting from the viscous profile requirement.
Then we develop a constructive method for perturbation analysis of general dual-
family shocks under parameter change, in which relationships between states at op-
posite sides of the shock and shock speed resulting from perturbations of problem
parameters are derived.

The role of S; ; shocks in solutions of the Riemann problem is described. It turns
out that S;; shocks with ¢ > j may appear in generic Riemann solutions. The
presence of S;; shocks with ¢ > j 4 1 leads to the repetition of separated classical
waves of the same characteristic family in a Riemann solution.

As a physical application, we consider a flow of multi-phase fluid through porous
medium with the quadratic Corey model for relative permeabilities of fluid phases.
For the identity viscosity matrix, we find analytically S;; shocks for any 7 > j.
The method for finding these shocks by continuation for state-dependent viscosity
matrices of Corey type models is discussed. The variety and form of dual-family
shocks may be important for applications such as oil and gas recovery.

The paper is organized as follows. Dual-family shocks are introduced in Section 2.
Section 3 contains qualitative study of viscous profile requirement and defining equa-
tions. The defining equations relating states and speeds of S; ; shocks are explicitly
given in Section 4, and variation of these equations under change of problem param-
eters is studied. Section 5 discusses structures of Riemann solutions containing S, ;
shocks. In Section 6, S;; shocks are analyzed in multi-phase flow through porous
medium. The conclusion summarizes the contribution. Some technical proofs are
given in the Appendix.

2 Dual-family shock waves

We consider systems of partial differential equations of the form

0GU) OFU) 0 oU
= c—0 — > .
S T =g (P75 ), 120 2€R (2.1)
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in the vanishing viscosity limit £ \, 0. The function representing conserved quantities
G(U) € R", the flux function F'(U) € R™, and the nxn viscosity matrix D(U) depend
smoothly on the state vector U € R". Taking ¢ = 0 in (2.1) yields a system of n
first-order conservation laws

0G(U) OF(U)
ot + ox

Real eigenvalues A(U) of the characteristic equation det(0F/0U — A 9G/OU) = 0 are
the characteristic speeds. Assuming that all the eigenvalues are real and distinct in
a region of state space U (the strictly hyperbolic region), we list them in increasing
order \j < Ay < -+ < A\,

A shock wave is a discontinuous (weak) solution of system (2.2) consisting of a
left state U_ = lim,/ »; U(x,t) and a right state U} = lim, , U(x,t), where s is
the shock speed. A shock wave is considered admissible if there is a traveling wave
solution (or viscous profile) U(x,t) = U((), ¢ = (x — st)/e of system (2.1), which
represents the shock in the vanishing viscosity limit € N\ 0. Substituting this solution
into (2.1) and integrating over (, we find that U(() is a solution (orbit) of the system
of ordinary differential equations

—0. (2.2)

DU = F(U) - F(U-) — s(G(U) — G(U-)), (2.3)

“connecting” the left equilibrium U(—o0) = U_ to the right equilibrium U(+o00) =
U, ; the dot denotes the derivative with respect to (.
By linearizing equation (2.3) about the equilibria U_ and U, we obtain

AU = B(Uy,s)AU,  AU(C) = U(¢) — Uy, (2.4)
where B(U, s) is the n x n matrix

O [
B(U.s) = 5 [D YUY (F(U) - F(U_) — s(G(U) — G(U_)))]. (2.5)
Let u;(U,s), i = 1,...,n be the eigenvalues of the matrix B(U,s) ordered with
increasing real parts Re u; < Reps < --- < Re .
Let us define an S;; shock as a shock possessing a viscous profile and satisfying

the inequalities

Rep;1(U_,s) <0< Reu;(U_,s),
i, Bemaly (U 5) )
Rep;(Uy,s) <0< Repjyi(Us, s)

(ifi—1=0or j+1 = n+1, the corresponding inequality is disregarded). It is easy to

see that p;(U_,s) =0 and p;(Us,s) =0if s = \;(U-) and s = \;(U), respectively.

Under rather general conditions (see e.g. [6, 10]), inequalities (2.6) reduce to
)\ifl(U,) < s < )\Z(Uf),

)\j(U+) <s < )\j+1(U+).

For i = j, inequalities (2.7) are the Lax conditions. Thus, an S;; shock is a
classical i-shock. Shocks with ¢ < j are called overcompressive. For ¢ = j + 1 such a
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shock is termed transitional or undercompressive. The inequalities in the first row of
(2.7) coincide with the Lax conditions for the left state U_ of an i-shock. Analogously,
the inequalities in the second row of (2.7) coincide with the Lax conditions for the
right state U, of a j-shock. Therefore, the S;; shock can be seen as a dual-family
shock wave associated with the ¢-th characteristic family on the left and with the j-th
characteristic family on the right.

For characteristic shocks, the shock speed coincides with a characteristic speed at
left, right, or both sides. As it was noticed above, the eigenvalues u;(U_, s) or/and
1 (Usy, s) vanish in these cases. Thus, we can distinguish three types of characteristic
shocks as

ST

Z7j

MZ'(U,, 8) = 07 R’e/JJj<U+7S) <0< Re:uj+1(U+7 8)7
St Repa(U-,s) <0< Reu(U-,s), p;j(Uy,s)=0; (2.8)
Szi,] : /'L’i(Ufus) = MJ'(U+7S> = 0.

Conditions (2.8) can be written in terms of characteristic speeds as

Syt os=XU-), N(Uy) <s < Xj(Us);
Sto Aa(U2) <s < N(U-), s =M\(Uy); (2.9)
Sio s =NU-) = X(Uy).

3 Defining equations

Let us consider S; ; as a point in the space (U_, U, s) of the left and right states and
speed of shocks. For each i, j, the set of all S;; shocks can be expected to define a
smooth surface S; ; in the space (U_, U4, s); see [3] for an example of such a surface
for transitional shocks and quadratic flow functions. Locally this surface can be given
by a maximal rank system of equations. Following [6, 12], we distinguish the basic
equations defined by the system of conservation laws (2.2) and additional equations
determined by the viscous profile requirement. There are n basic equations, which
are the Rankine-Hugoniot conditions

H(U_, Uy, s) = F(U,) — F(U_) — s(G(U;) — GU_)) =0 e R, (3.1)

These equations are obtained from the condition that the shock is a weak solution of
(2.2); they also follow from requiring that U, is an equilibrium of (2.3).
Additional n® equations are denoted by

add

HNU_, U, s) =0 € R, (3.2)
The number of additional equations n% can be determined by considering the in-
tersection of the unstable manifold M, (U-) and the stable manifold M(U, ) of the
equilibria Uy. The viscous profile exists if the intersection of these manifolds is not
empty, see Figure 3.1(a). Using inequalities (2.6), we find

dim M, (U-) =n—i+1, dimM,U;) = . (3.3)
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(a)

Figure 3.1: A viscous profile: (a) for S;; shock, (b) and (c) for Sli] shock.

Generically, the manifolds M, (U_) and M(U,) intersect forming a locally struc-
turally stable phase state configuration if dim M, (U-) + dim M,(U;) > n, which
implies ¢ < j. In this case n%¥ = 0, i.e., there are no additional equations. Since the
intersection of the manifolds has dimension dim M, (U_)+dim M (Uy)—n =i—j+1,
generically there exists a single viscous profile for classical shocks (i = j) and an in-
finite number of viscous profiles for overcompressive shocks (i < j).

In case ¢ > j, the manifolds M, (U_) and M(U,) do not intersect in general.
More precisely, if M, (U_) and M,(U,) intersect and the intersection is a single
orbit, then this is a singular situation (the so-called nontransversal intersection) of
codimension i — j [2]. The least degenerate case in this situation occurs when the
tangent spaces of M, (U_) and M(U,) have one-dimensional intersection at each
point of the connecting orbit (so-called quasi-transverse intersection). Therefore, the
number of additional equations (3.2) for S;; shocks with i > j equals n®? =i — j.

Similar surfaces S; ;, S;Lj, and Sfj, under some genericity assumptions for the na-
ture of nonhyperbolic equilibria, can be defined for characteristic dual-family shocks.
In these cases, there are one or two equations resulting from the conditions s = A(U-)
or/and s = A(U;). These equations are related to system (2.2) only, so that they
supplement the basic equations (3.1). In case s = \;(U_), the orbits of equation (2.3)
starting at U_ as ( — —oo generally form a smooth manifold M, (U_) of dimension
n—i+1 [16]. This manifold has a boundary, which is the unstable manifold M, (U-)



of dimension n — i, see Figure 3.1(b). We consider the generic situation when the
viscous profile U(() does not lie in the boundary. Similarly, in case s = \;(U..), orbits
finishing at U, as ( — +oo form a smooth manifold Mg, (U, ) of dimension j. This
manifold has a boundary, which is the stable manifold M (U, ) of dimension j — 1,
see Figure 3.1(c). We assume that the viscous profile U(() does not lie in M (U,.).
The dimensions of Mo, (U_) and Ms(Us) coincide with the dimensions (3.3) for S; ;
shocks. Hence, the number of additional equations remains the same, n%? = — j.
The total number of defining equations provides codimensions of the shock sur-

faces:

i<j: codimS;; =n, codimS;; = codimS;; =n+1,

3.4
codimej =n+2; (34)

i>j: codimS;; =n+i-—j, codimS;; =codimS;; =n+i—j+1, (3.5)
codimS}; =n+i—j+2. '

We wee that the viscous profile admissibility criterion for .S; ; shocks plays qual-
itatively different role in cases i < j and ¢ > j. Indeed, for classical (i = j) and
overcompressive (i < j) shocks, generically the viscous profile is a structurally stable
connecting orbit that persists under small perturbations of shock states and speed
satisfying the Rankine-Hugoniot conditions (3.1). However, for S; ; shocks with i > j,
the existence of viscous profile implies additional relations between states and shock
speeds. These relations depend on the form of viscous terms governed by the viscosity
matrix D(U).

Notice that surfaces corresponding to characteristic shocks form a part of the S, ;
surface boundary. The remaining part of the S, ; boundary is related to bifurcations
of the viscous profile, see [13].

Example. Let us consider an S;; shock with states U*, U} and speed s* in a
system of three viscous conservation laws. There are n = 3 defining equations if i < j
(classical and overcompressive shocks), which are the Rankine-Hugoniot conditions
(3.1). These equations can be solved for Uy . As a result, there is a dual-family shock
of the same type with an arbitrary left state U_ and speed s taken in neighborhoods
of U* and s*; the uniquely determined right state U is close to U, see Figure 3.2(a).

If i = j + 1 (transitional shocks Sy and S32), there is one additional equation,
which generically can be solved for the speed s. Therefore, for each left state U_ in a
neighborhood of U* there is a dual-family shock of the same type with the uniquely
determined right state U, and speed s, see Figure 3.2(b).

Finally, there are two additional equations for an S3; shock. Solving these equa-
tions for s, the remaining equation defines a surface S_ in the space U_ passing
through U*. Hence, S3; shocks exist only for left states U_ chosen on this surface.
The speed and right state are given uniquely by the choice of a point U_ € S_, see
Figure 3.2(c).



Figure 3.2: Viscous profiles of S; ; shocks for three conservation laws: (a) classical
and overcompressive shocks, i < j, (b) Sa; and Ss o shocks (transitional shocks), (c)
Ss.1 shocks.

4 Sensitivity analysis of S; ; shocks

In this section, we study the local form and perturbation of the shock surface S, ;.
In case ¢ < j, this information can be obtained directly by variation of the explicit
Rankine-Hugoniot conditions (3.1). Thus, we will focus on the case i > j when the
viscous profile condition results in additional equations (3.2).

Let us determine explicitly the system of additional equations. Consider a viscous
profile U(() of an S; j shock (¢ > j) with states U, and a speed s. Linearizing equation
(2.3) near the solution U(() yields

V =DB(U(«),s)V, V(-o0)=V(+o0)=0, V() eR", (4.1)

where the matrix B(U, s) is given in (2.5). The corresponding adjoint linear system
takes the form

W =—BY(U(C),s)W, W(—c0)=W(+00)=0, W()eR" (4.2)

Let us denote by W the linear space of solutions W(() of system (4.2). For any
bounded function X (¢) € R", solutions W(¢) € W have the property fjoooo WX —
B(U(C),$)X)dC = 0.

The proof of the following proposition is given in the Appendix.

Proposition 1. For any real ¢ and function W ({) € W, the vector W (() is orthog-
onal to both M, (U-) and Ms(U,) at the point U(C) of the connecting orbit. In case
of quasi-transverse intersection of M, (U-) and Ms(U,), we have dimW =i — j.

Consider a Poincaré hyperplane P orthogonal to the viscous profile at a fixed point
UP = U(¢), see Figure 4.1. Under perturbations U_ +AU_, U, +AU,, and s+ As
satisfying the Rankine-Hugoniot conditions (3.1), the stable and unstable manifolds
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Figure 4.1: Perturbation of stable and unstable manifolds near a viscous profile.

M, (U= + AU-) and M (U; + AU,) change. Assuming that the perturbations are
small, we can uniquely define the points U € M, (U~ + AU_) and UY € M (U +
AU, ) such that UL € P and the vector UF — U is orthogonal to both M, (U-)
and M,(Uy) at U”. The vector U — U is a measure of the separation between
the perturbed manifolds M, (U- + AU_) and M (U, + AU, ). One can see that the
manifolds M, (U- + AU_) and M,(U, + AU, ) intersect, i.e., there is a connecting
orbit between U_ + AU_ and U, + AUy if and only if UY = U”, see Figure 4.1.

Let us choose a basis Wi((),...,W;_;({) of W. Then, we can introduce the
function H*(U_, U, , s) with values in R*/ as

WU Uss) = (WE(CUF = UT).... . WE(¢M)(UF = UF))

A (43)
= WT(CP)(U—&]-D B Uf)a
where R
W(C) = [Wi(¢), .-, Wi—;(Q)] (4.4)
is an n x (i — j) matrix. Indeed, since the vectors Wy(¢P), ..., W;_;(¢?) are linearly

independent and orthogonal to both M, (U_) and M (U, ) at U” (see Proposition 1),
the condition UY = UF is equivalent to H*™(U_, U, s) = 0.

The local form of the surface S; ; found by linearizing the defining equations near
a point (U_,Uy,s) € S, ; is described as follows (see the proof in the Appendix).

Theorem 1. The tangent plane (AU_, AU, As) of the manifold S;; at the point
(U_,Uy,s) €S, is given by the equations AH = 0, AH* = 0, where

oF  0G oF  0G
AH = <% - S%)U y AU+ - (@ - 3%) vt AU — (G+ - G_)AS, (45)

+ ( / - WD (Gy — G_)dg) As

[e.e]
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are the linear parts of the functions H and H*¥ evaluated at (U_, Uy, s) and written in
terms of deviations (AU_, AU, As). Here we introduced the short notations Dy (¢) =
DU(Q)), Fu(C) = F(U(Q)), Gu(¢) = G(U(Q)), Fr = F(Ux), and G+ = G(Ux),
where U(() is the viscous profile of the S; ; shock at the initial point (U, Uy, s).

It is remarkable that expression (4.6) does not depend on the choice of the
point UP = U(¢P) (the position of the plane P) in the definition of the function
HeM(U_,U,, s), just as in the case of Melnikov integrals for systems of planar differ-
ential equations [2].

As a model of a physical system, equation (2.1) typically depends on one or
more problem parameters. Under variations of these parameters, the functions G(U),
F(U), and D(U) undergo perturbations AG(U), AF(U), and AD(U). If these per-
turbations are small, the manifold S;; undergoes a small perturbation. The first
order approximation of the perturbed manifold can be determined as follows (see the
proof in the Appendix).

Theorem 2. Let (U_,U,,s) € S;; and consider perturbations AG(U), AF(U),
AD(U) of the system functions. Then the first order approximation of the perturbed
manifold S; ; near the point (U_, Uy, s) is given by the equations

AH = —AF+ + AF_ —+ S(AG+ — AG_), (47)

+oo
AH D — _/ WTD;'ADy D' (Fy — F- — s(Gy — G_))d¢

(4.8)
+oo
+ / W'D (AFy — AF- — s(AGy — AGL))dC,

o0

where AH and AH™ are given by expressions (4.5) and (4.6).

Theorems 1 and 2 determine all nearby S;; shock waves, even when problem
parameters are changed, using the information on a particular shock and its vis-
cous profile. This method is useful for constructing solutions of conservation laws
possessing S; ; shocks, continuation procedures, and parametric analysis.

The characteristic shock waves \S; S;jj, and Szij are studied in the same way. In
addition to equations (3.1) and (3.2), (4.3), one should impose conditions ensuring
that the shock speed is equal to the corresponding characteristic speed at one or both
sides of the shock. This adds one or two equations in Theorems 1 and 2 found by
linearizing the equations s = A(U-) and s = A\(Uy.).

5 Dual-family shocks in Riemann solutions

The basic initial-value problem for a system of conservation laws (2.2) is the Rie-
mann problem, given by piecewise constant initial data with a single jump at = = 0:
U(z,0) = U, for v < 0 and U(z,0) = Ug for x > 0. The solution is found in
scale-invariant form U(x,t) = U (&), € = x/t, consisting of continuously changing



waves (rarefaction waves), jump discontinuities (shock waves), and separating con-
stant states. Classically, there are n families of rarefaction waves, one for each char-
acteristic speed, which we denote by R;, = = 1,...,n. We require all the shock waves
to have a viscous profile, i.e., there can be S ;, 5, , S;fj, and Szi] shocks.

The structure of a Riemann solution is given by a sequence of waves wy,

Wy, W, ..., Wy, (5.1)

appearing with increasing value of . Here each wave wy, € {R;, S, S;, S;’rj, fj} is
a rarefaction or shock. The wave w;, has left and right states Ug)— and Uy and
speeds )~ < )+ for a rarefaction wave and sy = {x)— = )+ for a shock wave.
The left state of the first wave w; and the right state of the last wave w,, are the
initial conditions of Riemann problem: Un)- = Up and Uy = Ug. The natural
requirements in sequence (5.1) are

Uky+ = Ukrn—r S+ < Shr1)— (5.2)

Relations (5.2) imply that the right state of the wave wy, coincides with the left state
of the wave wy.1, and the right speed of wy, is lower or equal to the left speed of wy 1.
If §r)+ < &41)— then there is a separating constant state between wy, and wyy1. In
this case we will use the notation wy — wiy1. If {ry+ = 1)~ then the waves do
not possess a separating constant state. This situation will be denoted by wy, | wg .

A classical Riemann solution consists of n classical wave groups separated by con-
stant states; each classical wave group consists of adjoining rarefactions R; and classi-
cal shocks S;; (simply S;) of the same family. The classical structure Ry — Ry — S3
of a Riemann solution in a system of three conservation laws is shown in Figure 5.1(a)
using characteristic lines in the space-time plane (shock waves are presented by bold
lines and rarefaction waves are given by thin line fans).

Conditions (5.2) imply that each pair of subsequent waves wy, wyy1 in a general
Riemann solution has one of the following types

{Rjor Sf;} — {Rwor S; i}, j<i,
- +
{Sitor S5} | Ry

where S stands for S;;, S, S;fj, or Sfj The most important structures of a
Riemann solution are the generic ones: they do not change under perturbations of
initial conditions Uy, Ug, flux function, and viscosity matrix. Generic structures
are “full” in the sense that no wave can be added to a sequence without violating
conditions (5.3). For example, the sequence Ry — Sj is not generic since it can be
extended to R;— Sy;— S3. Only the shocks with ¢ > j may appear in generic
structures. Generically, overcompressive shocks (i < j) bifurcate to a set of waves
under perturbations with arbitrarily small amplitudes. Let us assume that all the
states of a Riemann solution belong to the region of strict hyperbolicity, where all the
characteristic speeds are distinct; viscous profiles of shock waves are not restricted to
this region, i.e., they may cross elliptic regions in state space. Then, we can describe
generic structures of a Riemann solution (for the case of two conservation laws the
following theorem was proved in [12]; for the complete proof see [9]).
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(a) (b) (©)

Figure 5.1: Riemann solutions: (a) classical, (b) with S5, shock, (c) with Sz shock.

Theorem 3. Let (5.1) be the generic structure of a Riemann solution. Then w, €
{Ry, S1, ST}, wy € {R,,, Sn, S}, and each pair wy,, wy,1 has one of the types

{Rj or S;;} —{Ry or Sy}, =j5+1i>j4 i>7,
R; | {S;; or S5}, i>4, (5.4)
{St. or S5} | Ry, i>
As an example, we list two generic nonclassical Riemann solution structures:
Ry — Sy — R3|S3, — Rs, (5.5)
Ry — Sy — S31 — Sy — Rs. (5.6)

A distinctive feature of structures (5.5) and (5.6) is that the classical waves R3 and Sy
appears twice. Riemann solutions with these structures are shown in Figure 5.1(b,c).

We see that Riemann solutions with dual-family shock waves violate the custom-
ary classical structure of sequences of n classical wave groups separated by con-
stant states with increasing family number from left to right. The shocks with
1 > j+ 1 introduce a “jump back” capability in this sequence allowing classical waves
of (j+1),...,(i — 1)-th characteristic families to appear repeatedly. Moreover, from
the theoretical point of view, there is no general bound on the number of separated
classical waves or of nonclassical shock waves in a Riemann solution for systems of
n > 2 conservation laws. The existence of several separated waves corresponding to
the same characteristic family is a property of Riemann solutions that was observed
only in [8].

We remark that the generic structures of Riemann solutions described above do
not include transitional rarefaction waves, see [4]. These waves are related to charac-
teristic speeds given by multiple eigenvalues. Therefore, transitional rarefactions do
not appear in strictly hyperbolic systems.

6 Dual-family shocks in multi-phase flows in po-
rous media

Let us consider one-dimensional horizontal flow of n + 1 immiscible fluid phases in
a porous medium. The fluids can be, for instance, a mixture of gas or CO,, water,
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light oil, and heavy (viscous) oil. We assume that the whole pore space is occupied
by the fluids; compressibility, thermal and gravitational effects are neglected. The
equations expressing conservation of mass of the i-th phase based on Darcy’s law of
force is (see e.g. [1])

9 (65 + o(0fi) = (Klijap”), i=1...n+l  (61)

J#i

where the constants ¢ and K denote the porosity and absolute permeability of the
porous medium, and v is the total seepage velocity of the fluid. For phase 4, s; is the
saturation, f; is the fractional flow function, and [; is the relative mobility, which can
be chosen as the quadratic Corey model (see [1]):

l; 5?
[T AT, 2

where p; is the viscosity of phase 7; for simplicity, all irreducible phase saturations
were set to zero. The capillarity pressures p;; = p; —p; between the phases ¢ and j are
measured experimentally as functions of saturations; here p; and p; are the pressures
in phases ¢ and j.

Since the fluids occupy the whole available space, the saturations satisfy

S14 -+ 8, + Sppq = 1. (6.3)

Similarly, f1 +---+ fn + fus1 = 1. As a consequence, any n saturations describe the
state of the fluid. Hence, any of the n + 1 equations in system (6.1) is redundant,
and the latter can be reduced to an n equation system in n saturations.

As the total seepage velocity v is given by boundary conditions, we assume that it
is a positive constant and we set t = (¢L/v)t and x = L&, where L is the characteristic
length of the system. Dividing both sides by v/L, this change of variables removes
v and ¢ from the left-hand side of system (6.1). For simplicity of notation, we drop
the tildes below. Finally, choosing any n saturations as state variables (e.g. U; = s;,
i=1,...,n), we arrive at the dimensionless system

oU  OF(U) 9 oU _ T
=+, _5%<D<U)%), U=(Uy,....U)". (6.4)

The components of the vector F(U) = (Fy,...,F,)T represent the fractional flow
functions

Fi(U) = 7 L(Us) = U iy, LWU) =li4 - 4 by + g, (6.5)

where
Ui =1-Uy —---— U, (6.6)
is the saturation of remaining (n + 1)-th phase, ¢ = K/L? and D(U) is the di-
mensionless viscosity matrix with components di;(U) = (L/v)l; > fx5 81’““. The
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Figure 6.1: State space for four-phase flows. The system restricted to the shaded
planes is reduced to a lower dimensional one.

dimensionless parameter ¢ is small for large characteristic lengths L, so that many
aspects of the asymptotic behaviour of solutions may be described by the system of
first order conservation laws obtained by taking ¢ = 0. For simplicity, we will use
dimensionless viscosities fi; = p;/(pn + -+ + fn + fns1) in (6.5), so that, dropping
the tildes,

M1‘|‘"'+Mn+:un+1:1- (67)

The physical domain for the state vector U is given by the inequalities

This domain represents a simplex in state space with n + 1 vertices; each vertex
corresponds to single phase fluid with U; =1 (i = 1,...,n 4+ 1); see Figure 6.1.
From (6.5), the n x n Jacobian matrix 0F/0U can be expressed in the form

OF 1 (dh
ou 1 \au, Ao,
(6.9)
1 0 Ly iy dly dl,  dlu
YU\ QU dULy AU, dUpey )

One can check that all the eigenvalues of matrix (6.9) are strictly positive inside the
physical domain (6.8), i.e., flows with positive speed v have only positive characteristic
speeds.
There is a so-called umbilic point U"™, at which
dly _dly, dly

AU, T dU,  dUpsy

(6.10)

This is the resonance state, where OF/0U is a multiple of the identity matrix and,

thus, all the characteristic speeds (eigenvalues) A merge to the same value %;ll] . There
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are n—+1 umbilic points at the boundary of the physical domain, which are the vertices
of the simplex (6.8). At each vertex, all the characteristic speeds merge to the value
Zero.

One can check that for the flux functions (6.5) there is a unique umbilic point
U = (1, ..oy pin)T, Upi1 = piny1 in the interior of physical domain (6.8), at which
all the characteristic speeds equal 2. The umbilic point U™ exists and is unique
for the more general case when the relative mobilities {;(U;) are arbitrary functions
of the corresponding phase saturations U; with positive first and second derivatives
such that ll(O) = ... = ln+1(0) = 0 and dll/dUl(O) = ... = dln+1/dUn+1(O) = 0.
Indeed, the vector (ly,...,1,) has positive components inside the physical domain.
Hence, the matrix (6.9) is a multiple of the identity matrix if and only if the vector

<j+]11 — %, e jll]*; — j{}’ﬁ) = 0, which yields equations (6.10). Since dl;/dU; are

strictly increasing functions of U; vanishing at U; = 0, the equations dl; /dU; = - - - =
dl,/dU, = « have a unique solution for @ > 0, and U;(«), ..., U,(«) are increasing
functions of a. The function dl,,1/dU, 41, where Upyq(a) =1 —Uj(a) — -+ = Up(a),
is a decreasing function of «. Additionally, we have dl,1/dU,11 > 0 at « = 0
(Upy1 = 1), and dl,,1/dU, 1 = 0 at « = a* > 0, where the value of o* is given by
the equation U,,i(a) = 0. Hence, there exists a unique o™ solving the equation
dlpy1/dU, 1 = a such that 0 < o™ < o*. This yields a unique umbilic point
U = (U (™) ... U, (@™))T which lies inside the physical region.

In order to study dual-family shock waves, we artificially take the identity viscosity
matrix D(U) = I. Our main motivation here is to show analytically the existence
of all types of S; ; shock waves with —n < i — j < n in the system. This existence
provides the evidence that any .5; ; shock may appear in the system with a realistic
viscosity matrix D(U).

6.1 Reduced dimension systems

By setting one of the U; = 0 in equation (6.4), we obtain a reduced system describing
n instead of n + 1 phase flows. This system “lives” on the face of the simplex; see
Figure 6.1, where the lightly shaded face I corresponds to Uy = 0. Of course, all
the results of this section hold for the reduced system. This reduction can be done
iteratively until we reach a scalar partial differential equation describing two-phase
flow. This system is restricted to one of the edges of the simplex. Notice that this
reduction is valid for any physical viscosity matrix D(U).

There are other subsystems of (6.4) with dimension n — 1. Let us consider the
simplex of codimension 1:

T
:(:U /j’lll 'O’M/f,u Ps U3,.,.,Un) ) p—l—U3+—|—Un§0, ani’n"'?UnZO'
1 2 1 2
(6.11)

For n = 3 this is the shaded plane II containing U"™" shown in Figure 6.1. One can
check that the first two equations of system (6.4), (6.5) restricted to plane (6.11) are
equivalent (in this case we consider D(U) = I), and the system possesses two equal
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characteristic speeds

2
A= (6.12)

(p1 + p2)l
As a result, system (6.4) is reduced to the n — 1 dimensional system with state
vector (p,Us,...,U,)T and viscosities p1 + 2, i3, ..., fhn. This system describes
the flow of phases Us,...,U, and the mixture of phases U;, Uy in the proportion
Uy /Uy = 1 /1o that acts as a single phase. Analogous reductions can be done taking
any two saturations U; and U; instead of U; and Us.

Repeating such a reduction several times, we can obtain systems of lower dimen-
sions. Each of these systems describes a multi-phase flow. Thus, all the results of
this section hold for any of the reduced systems. Notice that the reduced systems
“live” on lower dimensional simplices in the interior of physical state space (6.8).

Using reduction (6.11) n — 1 times, each time with two state variables, we arrive
at the system restricted to the line

T
Up:<&’--.7&> Py = (6.13)
p 7

Up to multiplication by the constant p;/u, all n equations in system (6.4) are equiv-
alent to the scalar partial differential equation on the line (6.13):

dp OF(p) %
E+ oz _88902’

(6.14)

where )
P I(p) = pm—2pp
pl’ (1= p)
One can check that equation (6.14) coincides with the viscous profile equation
taken for a scalar conservation law describing two-phase flow, where U = U; = p,
Upy=1—p, n=p,and pp =1—p.
According to (6.8), the physical interval for p is 0 < p < 1. The line (6.13)
contains the point U™ at p = yu, as well as the vertex U = 0 at p = 0. At points
with 0 < p < por u < p <1, there are n — 1 equal characteristic speeds

F(p) = (6.15)

2p
Ap) = —. 6.16
()= (6.16)
There is an (n — 1)-dimensional eigenspace of the matrix 0F/0U corresponding to
the multiple eigenvalue \(p), which consists of the vectors r = (71, ..., r,)? such that
r1 + ...+ 1, = 0. The remaining characteristic speed is equal to
5 2p(1 — p)
ANp) = —F—/————5, 6.17
T (010

with corresponding eigenvector ¥ = (p1, ..., pn)?, which is parallel to the line (6.13).
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6.2 5,1 dual-family shock waves

In this subsection, we seek for solutions of the viscous profile equation (2.3) that have
the form (6.13). Here p(¢) is a function of ¢ such that py = p(£oo) and Uy = U, .
Along the line (6.13), all n equations in system (2.3) are equivalent to the scalar
ordinary differential equation

p=————=s(p—p-), l-=I(p-), (6.18)

which is the viscous profile equation for two-phase flow described by (6.14). Since
the right-hand side of (6.18) vanishes at p = p,, we find the shock speed

_ Pty —2p Py
p(l =)ty
Here expression (6.15) for [, was used. One can show that the ordinary differen-

tial equation (6.18) has a solution p(¢) such that p(+oo) = p+ provided that both
inequalities

L = 1(ps). (6.19)

(p+ = p-)(P2 +2p-py =202 py — 1) > 0,

) ) (6.20)
(p+ = p=)(p3 +2p-ps —2p-pL —p) > 0
hold. Conditions (6.20) are equivalent to the inequalities
AL <s< A, A =Aps), (6.21)

where X is the distinct characteristic speed (6.17).
Under the conditions (2.7) and (6.21), we see that the shock wave having the
viscous profile U, is of type 5,1 exactly if

Al <s< )\+, Ay = )\(pi), (622)

where \(p) is the characteristic speed (6.16) with multiplicity n — 1. With the use of
(6.15) and (6.19), conditions (6.22) reduce to

1o+ — o+ 2p-pr(p—py) > 0,

(6.23)
pps — pp— = 2p_pi(p—p-) > 0.

Figure 6.2 shows the region corresponding to the values (p_, py) satisfying in-
equalities (6.20) and (6.23) for 0 < p < 1. The constants p_ and p, taken in this
region define left and right states and speeds of S, ; shocks by formulae (6.13) and
(6.19). One can see that S, ; shock waves exist in the system for any p. If p > 1/2,
these shocks can be arbitrarily small, since the boundary of the region contains the
point p_ = py = p corresponding to the umbilic point. If u < 1/2, the shock ampli-
tude ||U, — U_|| is bounded away from zero. In all the cases we have p_ < u < py,
which means that the viscous profile passes through the umbilic point.

Since the state variables Uy, ..., U, can be chosen as any n out of n+ 1 saturations
S1y ..., 8nt1, there are n other lines in state space similar to (6.13) containing the left
and right states of S, 1 shocks.
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Figure 6.2: Values of (p_, p;) corresponding to S, ; shocks for different .

Characteristic shocks of types S, 1, S;f 1, and S,fl can be found, respectively,
when the first, second, or both inequalities (6.20) become equalities. These equalities
correspond to s = A\_, s = 5\+, and s = \_ = :\Jr7 respectively, where Ay are simple
characteristic speeds at different sides of the shock. It turns out that there are no
Sf{, , and S,fl shocks with viscous profile (6.13). Parameters p_ and p, corresponding
to S, ; shocks belong to the front face of the boundary shown darker in Figure 6.2.
According to the results of Section 5, a total of n—1 classical waves may be present
at both sides of S, ; shock in a Riemann solution. Thus, there are Riemann solutions
with S, 1 shocks for any initial conditions Uy, and Up taken in certain neighborhoods
of the left and right shock states U_ and U,. An example of a structure of Riemann

solutions with S3; shocks was given in (5.6).

6.3 General 5;; dual-family shocks

By reducing system dimension, we can find other types of 5; ; shocks. First, let us
consider the case when
Uy=-=U=0, (6.24)

i.e., only the phases Uyy1, ..., Uy, U,y1 are present. Thus, (6.4) reduces to the system
for (n — k 4 1)-phase flow. Assume that we found an S; ; shock with speed s in the
reduced system. In the full (n + 1)-phase system, this corresponds to a shock for
which the first k& components of the viscous profile are zero. Due to (6.24), there are
k zero characteristic speeds at both sides of the shock. Thus, such a shock will be
an Siyk j1r shock for the full system. The shock speed s is always positive, which
follows from the positivity of characteristic speeds.

In the previous subsection, we found S, ; shocks in a general (n+1)-phase system.
Hence, by using the described recursive relation, we find an S, j+1 dual-family shock
for any 0 < k < n with the viscous profile

T
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Here (ftks1,-- -, tn)  p(C)/p is the viscous profile of the S, ;1 shock found for the
reduced (n — k + 1)-phase system. These shocks lie on the boundary of the physical
domain (6.8), yet they determine certain points (U_,U,,s) on the shock surfaces
S k+1- By using Theorem 1 in Section 4, we can find all nearby shock waves of the
same type. Some of them belong to the interior of the physical domain (6.8) and,
thus, they represent S, 41 shocks intrinsic to (n + 1)-phase flow.

The second type of dimension reduction corresponds to the plane (6.11). As shown
above, in this plane the system reduces to an n — 1 dimensional system describing
n phase flows. There are two equal characteristic speeds (6.12) at each point of the
plane. Again, let us consider an S; ; shock with speed s in the reduced system. Then,
if \_ < s < Ay for double characteristic speeds Ay, we get an S;1; shock in the full
(n + 1)-phase system. If A; < s < A_, this shock becomes an S; j41 shock in the full
system. Finally, if s < Ay or s > Ay, we obtain S; ; and S;;1 j4+1 shocks, respectively.
This reduction can be used repeatedly. For example, 5, ; shocks previously described
are obtained by using n — 1 repeated reductions.

The described approach allows finding dual-family shocks S; ; for any 0 < i—j < n.
Note that by taking opposite signs in inequalities (6.21), (6.22) (equivalently, in
(6.20), (6.23)), we obtain overcompressive shocks Sy ,,. With these shocks, by using
the dimension reduction approach, we can locate overcompressive S; ; shocks for any
—n < ¢ — 7 < 0. The same method can be used for finding particular viscous profiles
for these shocks (recall that overcompressive shocks possess an infinite number of
viscous profiles).

6.4 Sensitivity analysis and continuation method

Let us apply Theorems 1 and 2 for an S, ; shock with the viscous profile (6.13). For

this purpose, we fix some values of p_ and p,, which determine uniquely U_, Uy, s,
T
and the viscous profile U(¢) = <‘“ ey %) p(¢). With the use of expression (6.9),

o
the matrix B(U((), s) defined in (2.5) takes the form

2000, 2u=p(Q) Q) Y .
e )it () “7"'((;122)

Then, the general solution W (() of the adjoint linear system (4.2) is found as

B = (

W) = (%,-..%fn(o, (6.27)

where w, ..., w, are arbitrary constants satisfying the condition w; + - -- 4+ w,, = 0,
and the scalar function 7(¢) is determined by the equation

(20 o _
‘( ul(p(é)))n’ /_m n(C)de = 1. (6.28)

The latter equality in (6.28) is the normalization condition. The solution 7(¢) of
(6.28) exist due to relations (6.16) and (6.22). Taking n — 1 linearly independent
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solutions as columns of the n x (n — 1) matrix W(¢), we obtain

Vi Umo o Um
—1/p2 0 0

W) =Won(), Wo=| 0 —Vps - 0 | (6.29)
00 e U

Using matrix (6.29) in Theorem 1, we find the differentials

AH = (a—F - s[) AU, — (a—F - 51) AU_ — (U, —U_)As,  (6.30)
U=Uy U=U_

oUu oUu
add _ ( 2P- 5T

T
Condition AH = ( with expression (6.31) yields AU_ = <%, e %‘) Ap_. Then

T op
the expression for As coincides with the linearization of (6.19). This shows that the
approximation of S, ; shock states and speeds obtained by Theorem 1 agrees with
the analytical results.
Now let us assume that the viscosity matrix D(U) = I suffers a small variation
AD(U), while the functions G(U) = U and F(U) remain unchanged. Then the
change of states and speeds of \S,, 1 shocks can be found using Theorem 2 as

T
using (6.9) and (6.13) in (6.30), one can check that AU, = (’L—l, . M) Ap, and

AH =0, (6.32)

“+o00

T 2 2
A = — Wy ADy (ﬂ&) (p——p—_—s(p—p)), (6.33)
oo I I ul ol

where ADy = AD(U(()). One can see that if AD(U) = v(U)I, where y(U) is a
scalar function, the right-hand side of (6.33) vanishes. Indeed, one can check analyt-
ically that the states and speeds of S, ; shocks remain unchanged for the viscosity
matrix D(U) = ~(U)I with an arbitrary positive function v(U) (the only change is
in equation (6.18) whose left-hand side becomes v(U,)p ).

In general, the perturbation AD(U) of the viscosity matrix changes the param-
eters of S, ;1 shocks. Since the change of left and right states and speeds can be
found using Theorem 2, one can use the continuation method to find S, ; shocks in
a system with a particular nontrivial D(U). For this purpose, the matrix D(U) is
changed from I to the required value in a sequence of small steps; at each step the
viscous profile and the matrix W(( ) have to be recomputed and used in Theorem 2
for finding approximation for the next step. A similar procedure can be applied to all
other types of S; ; shocks. We can expect to find S; ; shocks in the system, at least
for viscosity matrices D(U) close to v(U)I with some function v(U) and for small
perturbations of flux functions.
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We note that the umbilic points give rise to elliptic regions in state space un-
der a general perturbation the flux function F(U). This happens, for instance, in
Stone’s model for three-phase flow through porous media [17]. Generically, the res-
onant points in a perturbed system, where all n characteristic merge, will have one-
dimensional eigenspace (one eigenvector) unlike the umbilic point U™ which has
n eigenvectors. At the same time, all S; ; shocks persist in the system. Hence S; ;
shocks are not necessarily related to the existence of umbilic points.

6.5 Physical applications

In many physical applications of system (6.1), the goal is to study the possibility of
recovering one phase of the fluid (e.g. oil) on the right side by injecting different fluid
phases (e.g. water and steam) on the left. The variety of S; ; shocks that can appear
in the system has to be taken into account in analysis of physical behavior, e.g., when
predicting oil recovery in petroleum engineering practice.

By adopting the method of [7], one should be able to show stability of S; ; dual-
family shocks with ¢ > j as solutions of equation (2.1), at least for shocks of small
amplitudes. We expect that this is true also in case of perturbed flux functions and
viscosity matrices.

7 Conclusion

We studied a general class of shock waves satisfying the viscous profile admissibility
criterion in general systems of n conservation laws. Roughly speaking, shock waves
are classified by comparing their speeds with characteristic speeds at opposite sides of
the wave. As a result, we are led to consider dual-family shocks .S; ; associated with
characteristic families ¢ and j at the left and right sides, respectively. We develop
a constructive method for analytical and numerical study of such shocks and their
perturbations under change of problem parameters. One remarkable feature of S; ;
shocks with ¢ > j is that their left and right states and speeds depend on the viscosity
matrix. The other is that these shocks dramatically enlarge the possible structures
of generic Riemann problem solutions. In Riemann solutions with such shock waves,
classical wave groups of the same characteristic family can appear repeatedly from dif-
ferent sides of dual-family shocks, separated by constant states. Thus, classical wave
groups in solutions with dual-family shocks does not necessarily follow in increasing
family number. As a wide variety of S; ; shocks is found in systems describing multi-
phase flows through porous media, there is a promising perspective for analyzing and
using these shocks in physical applications.
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8 Appendix

8.1 Proof of Proposition 1
Let us define the linear spaces V_ and V. of solutions V' ({) € R" of the system

V =B(U((),s)V, (8.1)

vanishing as ( — —oo and ( — +o00, respectively. Similarly, we define the linear
spaces W_ and W, of solutions W (({) € R" of the system

W =-B"(U(C), )W, (8.2)

vanishing as ( — —oo and ( — o0, respectively. Since the matrix B(U, s) has
the eigenvalues 1;(U, s), i = 1,...,n, and the matrix —BT (U, s) has the eigenvalues
—1i(U,s), © = 1,...,n satisfying inequalities (2.6), we find dimV_ = n — i + 1,
dimV,; = j,dimW_ =14 — 1, and dim W, = n — j. The set W is the intersection
W=W_nWs,.

Since systems (8.1) and (8.2) are adjoint, the linear space WW_ is the orthogonal
complement of V_ at each value of (. Indeed, let V(¢) € V_ and W({) € W_.
Integrating the product W7 ({)B(U(¢),s)V(¢) in the interval —oco < ¢ < (*, we

obtain
¢ ¢ )
[ wOBUQVQE = [ WOV
C [T (83)

o
=WH(CVIC) + ) WHQOB(U(G), s)V(C)dC.

Here, the integration by parts, equations (8.1), (8.2), and the conditions V(—o0) =
W(—o00) = 0 were used. From (8.3), we obtain that

WHEHV(C) =0 (8.4)

for any real (*.

Since the tangent space to the manifold M, (U_) at U(() is given by the vectors
V(¢) € V_, the vector W(({) € W is orthogonal to M, (U-) at U(¢). Analogously,
we can prove that W (({) is orthogonal to M(U,) at U(().

If the manifolds M, (U_) and M(U;) intersect quasi-transversally, we have
dim(V_NV,) = 1. Hence,

dimW = dim(W- NW,) =n — dim(V_U V)

8.5
= n— (dimV_+dimV, —dim(V_NV,;)) =i —j. (85)
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8.2 Proof of Theorems 1 and 2

Equations (4.5) and (4.7) are obtained by varying the Rankine-Hugoniot condi-
tions (3.1).

Let U(() be a viscous profile of an S; ; shock with states Uy and speed s. Let us
take perturbations of the left and right states Uy + AUL and of the speed s + As.
These perturbations are assumed to satisfy the Rankine-Hugoniot conditions. Then
we can write the variational equation for system (2.3) as

AU = B(U((), s)AU — Dyt <8—F — s%> AU_ — Dy (Gy — G_)As.  (8.6)

The perturbed solution U(¢)+ AU, (¢) lying in the unstable manifold M, (U_+AU-)
satisfies the condition

AU, (—o0) = AU _. (8.7)
Pre-multiplying (8.6) by the transpose of the function W (¢{) € W and integrating in
the interval —oo < ¢ < ¢*, we find

\ N < L (OF  OG
WT((HAUL(CY) = — (/_OO WwhD,*! (% _S%>UU dg) AU_
. - (8.8)
— (/ W'D NGy — G_)dg) As.

Here, we used integration by parts with equations (8.2), (8.7) and the condition
W(—o00) = 0. Analogously, for the perturbed solution U(¢) + AU(¢) lying in the
stable manifold M, (U, 4+ AU,), i.e., AUg(+00) = AU, we obtain

+00 OF oG
WT * AUS * — WTDil (__ _) d AU-
(¢AUL(C") (/ v\ov " "ou ), <>

+ (/;OO W'Dy Gy — G_)d(> As (8.9)

Subtracting (8.8) from (8.9), we get
WHE)UE =UE) = WHC)NAU(C) — AUL(CY))

oo oF  0G
_ Tp-1{(=2> =

+ ( m WTD MGy — G)dg“) As.

o0

Using expression (8.10) in (4.3), we obtain formula (4.6).

Finally, formula (4.8) is derived in the same way from equation (8.6), where the
term —D&lADU Dﬁl (FU —F_— S(GU — G,)) + Davl (AFU —AF_— S(AGU — AG,)
resulting from variations of the system functions is added to the right-hand side.
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