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TRANSFORMATION OF FAMILIES OF MATRICES TO NORMAL
FORMS AND ITS APPLICATION TO STABILITY THEORY"*

ALEXEI A. MAILYBAEVT

Abstract. Families of matrices smoothly depending on a vector of parameters are considered.
Arnold [Russian Math. Surveys, 26 (1971), pp. 29-43] and Galin [Uspekhi Mat. Nauk, 27 (1972),
pp. 241-242] have found and listed normal forms of families of complex and real matrices (miniversal
deformations), to which any family of matrices can be transformed in the vicinity of a point in
the parameter space by a change of basis, smoothly dependent on a vector of parameters, and
by a smooth change of parameters. In this paper a constructive method of determining functions
describing a change of basis and a change of parameters, transforming an arbitrary family to the
miniversal deformation, is suggested. Derivatives of these functions with respect to parameters
are determined from a recurrent procedure using derivatives of the functions of lower orders and
derivatives of the family of matrices. Then the functions are found as Taylor series. Examples
are given. The suggested method allows using efficiently miniversal deformations for investigation
of different properties of matrix families. This is shown in the paper where tangent cones (linear
approximations) to the stability domain at the singular boundary points are found.
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1. Introduction. The paper deals with the study of families of complex and
real matrices (a family of matrices is a matrix-valued function A(p) holomorphically
(smoothly) depending on a vector p of complex (real) parameters). It is known that
from all families of matrices we can select such families that transformation of any
family to them can be carried out by a change of basis, smoothly depending on param-
eters, and by a smooth change of parameters [1, 2, 3]. Such families are called versal
deformations. Versal deformations with the minimum possible number of parameters
are called miniversal deformations or normal forms. Miniversal deformations of com-
plex matrices have been found by Arnold [1, 2, 3]. He showed that the miniversal
deformation, to which a family of matrices A(p) can be transformed in the vicinity
of a point p = py, is determined by the Jordan form of the matrix A(py). Miniversal
deformations of real matrices have been studied by Galin [8].

to .5pt The important part of the transformation of a family of matrices to the
normal form is to find functions describing a change of basis, depending on parameters,
and a change of parameters. Determination of these functions is necessary for effective
use of normal forms, but no general algorithm for finding them is available yet. Efforts
of construction of the transformation functions required in a specific case have been
done in [5, 12]. In the case when the matrix Ag = A(pg) has only nonderogatory
eigenvalues, the problem of construction of transformation to the normal form has
been discussed in [13]. However, the method of finding the transformation functions
suggested in [13] can be used only for matrices of small dimensions or in the case
when the matrix Ay has only one nonderogatory eigenvalue. Otherwise it leads to a
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complicated system of nonlinear equations containing parameters of the family and
parameters of the normal form.

Another approach has been suggested in [14], where the transformation functions
have been found at a specific value of the parameter vector p by solving a nonlinear
implicit matrix equation using secant, updating secant, or using Newton’s method.
Such a numerical approach, though useful for finding functions in a finite domain
(functions are calculated at several points and then approximated), is not efficient in
the case under consideration. This is connected with the local character of miniversal
deformations, which are defined in the vicinity of a point in the parameter space and
used for investigation of local properties of matrix families (singularities, bifurcations,
ete.). For local analysis, information about derivatives of the transformation functions
with respect to parameters is required. Computation of these derivatives by means
of approximate methods of [14] is very time-consuming and leads to numerical errors
(especially when the size of the matrix A is not small). In [14] also a method for com-
putation of derivatives of the transformation functions for a case of one-parameter
matrix family has been suggested. This family had a special form allowing transfor-
mation to a normal form which was simpler than a miniversal deformation.

In the present paper a constructive method of finding functions describing the
transformation of any given family of matrices to the normal form is suggested. The
functions are found as Taylor series. Derivatives of the functions with respect to
parameters, to determine coefficients of Taylor series, are found from a recurrent
procedure using the derivatives of lower orders of these functions and derivatives of
the family at the initial value of the vector of parameters. The recurrent procedure
is convenient for numerical implementation, since it consists of elementary arithmetic
operations. Proofs are based on properties of centralizers of matrices transformed to
the Jordan form.

Transformation of a family of matrices to the normal form has great significance
for applications. It allows studying specific families (normal forms), which consist
usually of sparse matrices depending on parameters in a simple way, and then ob-
taining results for arbitrary families of matrices. Miniversal deformations (without
knowledge about transformation to them) have been used in [1, 2, 3] for classification
of singularities of bifurcation diagrams, decrement diagrams, and boundaries of the
stability domains in the case of two and three parameters. In [10] miniversal deforma-
tions have been used for finding tangent cones (linear approximations) to the stability
domain at singular boundary points up to a diffeomorphism. All previous results were
qualitative. To obtain quantitative results we need information about the transforma-
tion. In [4] specific linear combinations of first derivatives of the functions describing
a change of parameters have been found and used to obtain necessary conditions for
the stable perturbations of matrices. Other applications of miniversal deformations
can be found in [6, 7], where a bound for a distance to a less generic matrix pencil
and backward error bound in the procedure of calculation of polynomial roots are
obtained.

The method of finding functions of transformation, suggested in this paper, allows
using miniversal deformations for quantitative study of different properties of matrices
depending on parameters. Efficiency of the method for applications is illustrated by
the problem of finding tangent cones (or parts of tangent cones) to the stability domain
for singular boundary points. All types of singular boundary points are considered.
The obtained results represent an extension of the paper [11], where, using another
approach, tangent cones for singular boundary points of the stability domain of two-
and three-parameter generic families of matrices have been found.
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The paper is organized as follows. In section 2 the method for determining deriva-
tives of functions describing the transformation of a family of complex matrices to
miniversal deformation is formulated and proved. Section 3 discusses the case of fam-
ilies of real matrices. Section 4 uses results of the previous sections to find tangent
cones to the stability domain at singular boundary points. The conclusion gives a
brief overview of the results obtained and discusses possibilities for their application
to different problems.

2. Transformation of families of complex matrices to normal forms. For
the following presentation we need definitions given by Arnold [1, 2], [3, p. 237].

DEFINITION 2.1. A family of complex matrices is a holomorphic mapping A :
P— C”Q, where P is the vicinity of some point py in the parameter space C™ and
C™’ is the space of n X n complex matrices.

Let us consider an arbitrary family of matrices A(p), p = (p1,-..,pm)’ € C™.
Denote by A; the eigenvalues of the matrix Ag = A(po) and let ny(A;) > na(X;) > - -
be the dimensions of the Jordan blocks belonging to A;, beginning with the largest
one. Let the Jordan form J of the matrix Ay be given by

(2.1) Ay = CoJC
where
Ji
J = J2 ,
Ji
Ji = v :

and the Jordan block

1
Y

has dimension ny(\;).
Denote by ijl the block of a square n x n matrix X, which is situated on the
intersection of the rows corresponding to the block Ji’C and columns corresponding

to the block J]l; see, for example, Figure 2.1. Denote elements of each block ijl by
;
and a column in X} corresponding to 2}!(r,s). In the case i = j we will leave only
one number in the subscript, e.g., X*!, ¥ (r, s). The block of the matrix X which
corresponds to the block J; of the Jordan form J will be denoted by Xj.
DEFINITION 2.2. A wersal deformation of a matrix Ay is a family of matrices
A'(p'), p' € C% such that any family A(p), A(po) = Ao in the vicinity of the point
p = po can be represented in the form

(2.2) Alp) = C(p)A'(¢(p))C~ (p),

x(rys), m=1,...,nk(N), s = 1,...,n();), where r, s are the numbers of a row
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Fic. 2.1. Block decomposition of a square matriz X according to the Jordan form J.

n n, | n;

(a) (b)

Fic. 2.2. Location of parameters in blocks of a miniversal deformation.

where p' = o(p), ©(po) = 0 is a holomorphic mapping from the vicinity of the point
p = po in the parameter space C™ into the vicinity of the origin of coordinate in the
space C; C(p) is a family of nonsingular matrices describing a change of basis. A
versal deformation is said to be miniversal if the dimension d of the parameter space
is the smallest possible for a versal deformation [1, 2], [3, p. 237].

It is shown in [1, 2], [3, p. 238], that a miniversal deformation is determined by the
Jordan form of the matrix Ag and can be chosen in the form of a sum J+ B(p'), where
B(p') = Diag (B, Ba,...) is a family of block-diagonal matrices with blocks B;(p')
corresponding to the blocks J; of the matrix J. There are different ways of choosing
the blocks B;(p’). Three possible types are shown in Figure 2.2, where the block
B;(p’) has all zeros except at the places indicated. In cases (a) and (b), the indicated
places are filled by different components of the vector p’ (parameters of the miniversal
deformation); in case (c) each slanted segment is filled by a corresponding component
of the vector p’. Other types of blocks are also possible, e.g., blocks whose elements
are all zero, except for one element on each slanted segment in Figure 2.2(c) which
is an independent parameter. In all cases, each block B contains exactly n;();), if
k <1, and ng()\;), if k > [, different components of p’ (one on each slanted segment
in Figure 2.2(c)). Denote these components by bl (t), t = 1,... min(ng(\;), ni(\i))
numbered inside each block from the top and from the right (see examples for the
case of two Jordan blocks of the size 3 and 2 in Figure 2.3). Components b (t)
compose the vector of parameters of the miniversal deformation p’ of the dimension
d="73.(n1(N) +3na2(N;) +---) [1, 2], [3, p. 237].

DEFINITION 2.3. Define a generalized trace of a k x | matriz F denoted by tr'V F
as a sum of elements on that diagonal of F' which is (min(k,l) — t) positions above
the left lower element
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(a) (b) (c)
Fic. 2.3. Numbering of parameters of a miniversal deformation.

min(k,l)
(2.3) trlF = 3" f(k—min(k,l) +r, r—t+1).

r=t

In the case of a square matrix (k = [), Definition 2.3 coincides with the definition
of a generalized trace given in [4]. In particular, a generalized trace tr(minte0) g
equal to the left lower element of the matrix F, and a generalized trace trWF of a
square matrix F' coincides with the ordinary trace tr F), which is equal to the sum of
elements on the main diagonal. In the case of an n X n matrix F' a generalized trace
tr® of a block FFlis equal to the sum of elements on that slanted segment which is
(t — 1) positions below the longest one in this block; see Figure 2.2,

’
n

tr® FR = Zfikl(nk()\i) —n'+r, r—t+1), n =min(ng(N\;),ni(\;)).

r=t

For blocks of the matrix B(p') we have tr® BF = o' (t)bF!(t), where ! (t) = 1, if B;
is a block of the type (a) or (b), and af!(t) = n’ —t + 1, if B, is a block of the type
(c); see Figure 2.2.

Denote by D" the derivative

olnl
h _
b= ol ... oph™
pl pm

taken at the point p = pg, where h = (h',... h™), h* > 0, is a vector whose compo-
nents h’ denote the order of the partial derivative with respect to p; (h* = 0 means
that the derivative with respect to p; is not taken), |h| = h' + .- + h™ is the order
of the derivative.

Transformation of the family of matrices A(p) to the normal form (miniversal
deformation) (2.2) includes finding the family A’(p’) corresponding to the Jordan
form J of the matrix Ag, families C(p), C~!(p), and holomorphic mapping p’ =
¢(p) (functions b¥ (¢)(p)). To obtain C(p), C~1(p), and b (¢)(p), it is sufficient to
determine derivatives D"C, D"C~! and D"b¥!(¢) for all h. Then the desired functions
are found locally as Taylor series (by virtue of holomorphy).

THEOREM 2.4. Let A(p) be a family of matrices. Then the following expressions
are valid for derivatives D", |h| > 0 of the functions C(p), C~1(p), b¥(t)(p) trans-
forming the family of matrices A(p) to the miniversal deformation A’'(p’) described
above (2.2).
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1°.
tr(®) pkl
2.4 DM () = L
(2.4) 10 = "
F=cpt <DhA > cp=hsphc DAl DhsC
hi+hg+hgz=h
h1,ho,hg#h
(2.5)
+ A0 > cjjlththDh201>co,
hi+hgo=h
hi,ho#h
R L
Chahs _ TT _—___ ghih2 .
h 1;[1 A h L1 R Ihg!
2°.
(2.6) D'"C = CoX
nk(Ai) s 'r’l r
(27) Z Z )\ _)\ ri—1r+s—s1+1 C::]l ':—&-5 slgm(rlasl)7 7’5&.]7
rI=r s1= 1
n!
Cr=
"kl (n— k)
0, k<, r=1,

Z gl (r—s+s1—1,81), k<Il, r#1,

s1=s'(r,s)

(28) xfl(r7 S) = r’(r,s)

_ Z gfl(rl,s—r-l-ﬁ-i-l)a k>1, s # (),

T1=r

0, E>1, s =mn1(\),

s'(r,s) =max(1l,s —r+2), 7'(r,s) =min(ng(\;),r —s+n(N\;) — 1),

(2.9) G =D"A' —
3°.
(2.10) phcTl=-—cyt Y oppmephet
hi+ho=h
ho#h

The zero order derivatives D", h = 0 of functions C, C~!, A’ (values of functions
at p = pg) are D°C' = Cy, D°C~' = Oy, D°A’ = J. Theorem 2.4 allows finding
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derivatives D" of the order |h| > 0 of functions C, C~1, and b¥!(t), using only deriva-
tives of these functions of a lower order and the derivative D"A. Thus, (2.4)-(2.10)
represent a recurrent procedure for determining the derivatives D*C, D*C~', and
D"bEL(t) for any h using derivatives D"A of the order |hi| < |h| and h; = h.

If all derivatives D"C, D"C~1, and D"b¥!(t) of the order |h| < s are determined,
the desired functions can be found approximately as Taylor series containing terms
with derivatives D" of the order |h| < s

hr

= 2 D"CH e~ 2oV o(jip — poll).

0<|h|<s

hr

> Dt H e =20l o — ol

0<|h|<s
m p h"
kl hpkl 0
b} = > DMt H hr,’” +o(llp = poll*)-
0<|h|<s r=1

Here ||p|| is the norm in C™. Denoting these approximations by 5(;0), C~1(p), and 3(p)
we can represent the family of matrices A(p) in the form A(p) = C(p)A'(3(p))C " (p)+
o(|lp — pol|?); that is, the recurrent procedure allows transforming an arbitrary given
family of matrices A(p) to the normal form in the vicinity of the point p = py with
the accuracy up to small terms of an arbitrary order.

Note that Burke and Overton [4] obtained the formulae for calculation specific
sums of the first order derivatives of functions b (¢)(p) in the case of one parameter
p € R. These formulae can be derived from expressions (2.4) and (2.5).

2.1. Example. As an example let us consider a one-parameter family of 3 x 3
matrices A(z) which has at the point z = 0 eigenvalues A\ = 0, Ay = 2i with corre-
sponding Jordan blocks of the order nj(A;) = 2, n1(A2) = 1, respectively,

2i+2 —8z 22

A(z) = 2z diz 1—i2?
222 -2z 22
The Jordan form of the matrix Ay = A(0) and matrices Cy, Cy * have the form
01 0 0 01 0 1 0
J=100 0|, Co=[10 0], c;'=[0 0 1
0 0 2¢ 01 0 1 0 0
For the first iteration (h = 1, D" = d/dz) we have
it(1L1) fiN(1L,2) fip(1,1) 4 0 2
F=1| (21 122 321 |=(-2 0 0],
HOY B2 7 S0
-4 0 =2 0 0 1
G=| 0o 4 o], x=[-4 0 o
8§ 0 O —4i -2 0
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Fic. 2.4. Block of a matriz commuting with the Jordan form J.

These matrices are used in (2.4), (2.6), and (2.10) to determine the first derivatives
of the desired functions. Then these derivatives are used in the second iteration to
find the derivatives D" = d2/dz%. As a result, the normal form A’(p’) of the family
A(z) and, determined by Theorem 2.4, the functions p’ = ¢(z), C(z), C~1(z) have
the form

0 1 0
A= b:(2) bi(1) 0 ;0 = (0a(1),b1(2),b2(1)7,
0 0 2i+by(1)

bi(1) = 4iz 4+ 922 + 0(2?), b1(2) = =22+ 0(2?), bao(1) = 2 — 82% + 0(2?),

—4iz+ (2 —20)22 -2z — (5 + 1.5i)2> 1
C(z) = 1 0 24 (240.5)22 | +o(2?),
—4diz — 822 1+ 5iz? 0
—z — (2 +0.50)2? 1 —4iz? —222
Cl(z) = —4iz? 4iz + 822 1 — 5iz? + o(2?).
1 — 4iz? diz — (2 —10i)22 22+ (5 + 1.5i)22

2.2. Proof of the theorem.
DEFINITION 2.5. The centralizer of a square matriz X is the set of all matrices
commuting with X. The notation is as follows:

Zx ={Y 1 [X,Y] =0},

where [X,Y]=XY -YX [1, 2, 3.

A centralizer Z; of the Jordan form J consists of block-diagonal matrices ¥ =
Diag (Y1, Y, .. .) whose blocks Y; correspond to the blocks J; and have the form shown
in Figure 2.4 [1, 2, 3, 7]. In Figure 2.4 every slanted segment denotes a sequence of
equal numbers, while other elements are all zeros. The centralizer Z; is a plane in the

. 2 . . .
space of all matrices C™ which passes through the zero and identity matrix.

LEMMA 2.6. For any n X n matrix X and any i, k, [, t the following equality is
valid:

tr®™ ([J, X]¥) = 0.
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Proof. For any matrix Y € Z; we have

tr ([J, X]Y) = tr (JXY — XJY) =

(2.11) tr(YJX — JYX) = —tr ([J,Y]X) = 0.

Consider the matrix Y which has units on the ¢th slanted segment (beginning from
the largest one) in the block Yi”€ (see Figure 2.4), while the other components are all
zeros. Then, using (2.11), we obtain 0 = tr ([J, X]Y) = tr(®*) ([J, X]fl). |

LEMMA 2.7. For any n x n matriz G, which satisfies the condition tr(t)Gfl =0
for all i,k 1, t, the equation

(2.12) [J,X] =G

has the unique solution (2.7), (2.8), satisfying

zH(1,5) =0, k<l
(2.13) kl B
€T (Svnl(AJ) =0, k > la

for all i,k,l,s.

Proof. In the case when G is the zero matrix a set of solutions of (2.12) is the
centralizer Z ;. To satisfy conditions (2.13) the matrix X € Z; must have zeros on the
sth slanted segment (beginning from the smallest one for k <! and from the largest
one for k > 1) of the block X*!; see Figure 2.4. Hence, the equation [J, X] = 0 has the
unique solution X = 0 satisfying all conditions (2.13). Due to the linearity of equation
(2.12) and conditions (2.13), if two matrices X; and Xo are solutions of (2.12) and
(2.13) for nonzero matrix G, then the matrix X = X; — X satisfies the equations
[/, X] =0 and (2.13). Consequently, X = X7 — X5 = 0; that is, if a solution of (2.12)
and (2.13) exists, it is unique.

By substituting the explicit form of J into (2.12) we obtain equations on the
elements of the matrix X
(2.14) (i — /\j)xf;(T, s)+ xfj(r +1,s) — xfj(r, s—1)= g,ﬁ-l(r, s),
where, instead of all elements x}! with coordinates (r+ 1, s) or (r, s — 1), which don’t
belong to the block Xi’;-l, we take zeros. The fact that (2.7) and (2.8) is a solution to
equations (2.12) and (2.13) can be verified by substitution of expressions (2.7) and
(2.8) into (2.13) and (2.14). After substitution, equations (2.14) for i = j, r = ng(\;),
s=n(\i)—t+1,k<landfori=j r=t s=1, k>l take the form tr®)G¥ = 0.
They are satisfied by virtue of the conditions of the lemma. Other equations are
satisfied identically. O

Proof of Theorem 2.4. The proof is divided into three parts according to the items
of the theorem. Each part is denoted by a corresponding item number.

Item 3°. Let us take the derivative D" |h| > 0 from both sides of the equality
C(p)C~1(p) = I, where I is the identity matrix:

7 Al
>, Gpepheptott=o. ot =] s

hi+ha=h i=1

After expressing CoyD"C~' in terms of the other summands and multiplying both
sides of the equation from the left by Cj ! we will prove item 3° of the theorem.
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Item 1°. Let us take the derivative D" from both sides of expression (2.2)

m )
ht!
hpg hihah h ha A! R -1 hihohs __
DA= 3 cpttpheptaADeeTt optt =[]
hi4+ho+hz=h j=1  177277"3

Expressing Co D"A'C !in terms of other summands and then multiplying both sides
of the equation by Cy Land Cy from left and from right, respectively, we obtain

D"’ = Cy'DMAC, - ¢yt Y cphepM e DA D .
hi+hg+hg=h
ho#h
Using equation (2.10), proved above for the term containing D*C~!, we get
(2.15) D"'A' = [J,C;'D"C) + F,

where the matrix F' is defined in (2.5). Using Lemma 2.6 and taking into account that
tr®) (DA™K = () (DM BFY) = oL (1) DME(t) for |h| > 0, we will prove item 1° of the
theorem.

Item 2°. Rearranging (2.15), we obtain

(2.16) [J,Cy'D"C) = @G,

where a matrix G is defined in (2.9).

Note that Cy ' D"C' = D"(C;'C) is a derivative of the family of matrices C; =
Cy 1C, Cy(po) = I, which describe a change of basis transforming the family A;(p) =
C(;lA(p)Co to the normal form, that is,

A;(p) = Cy A(p)Co = C5 ' C(p) A (¢(p))C ™ (p)Co = Cy(p) A (0(p))C7 (p).-

At the point p = pg the matrix A;(pg) = Co_leCo = J is in the Jordan form. In the
proof of the versality theorem [1, 2], [3, pp. 238—241] it was shown that in this case
the family C; can be chosen lying on an arbitrary smooth surface of the dimension
n? — d in the space of all matrices which passes through the identity matrix and
transversal at this point to the centralizer Z;. For each such a surface the family Cy
can be chosen in the unique way. In particular, the plane I + II, where II is the set
of all matrices X satisfying conditions (2.13), has all these properties. The planes Z;
and I 4 IT are transversal, because the only matrix from Z; which satisfies conditions
(2.13) (intersection of the planes) is the identity matrix and the sum of dimensions
of the planes is equal to the dimension of the space n2. If we choose the plane I + II
for determining Cj, we obtain that all derivatives D"C; = C;'D"C = X must
satisfy conditions (2.13), which can be regarded as normality conditions. Then the
formulae of item 2° follow from Lemma 2.7 applied to (2.16) (conditions tr® G =
tr®) (DPARY) —tr () FFU = oL (1) DPBFL (1) —tr®) FFU = 0 are fulfilled by virtue of equality
(2.4)). |

Note that instead of normality conditions (2.13) one can take the same amount
of any other linearly independent homogeneous equations such that the only matrix
from Z; which satisfies them is the zero matrix. Theorem 2.4 and Lemma 2.7 will
remain valid if (2.8) is changed in accordance with the new normality conditions by
solving (2.14) for i = j, which determines elements of the blocks X /.

The case of families of complex matrices A(p) depending on a vector of real
parameters p € R™ is the same as considered above except that the holomorphic
dependence on parameters is changed to the smooth one. In this case, Theorem 2.4 is
valid and allows finding derivatives D" of functions C, C~1, b¥'(¢) of the order |h| < s,
where s is the degree of smoothness of the family A(p).
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3. Transformation of families of real matrices to normal forms. Let us
consider a family of real matrices A: P — R”z, P C R™ smoothly depending on a
vector of real parameters p € R™ and determined in the vicinity of a point p = pg. Let
the matrix Ag = A(pg) have real eigenvalues \;, i = 1,...,q and complex eigenvalues
Xis iy i =q+1,q+2,... (overline denotes the complex conjugate operation). Then
the Jordan form of the matrix Ay is given by J = Diag (J1,. .., Jq, Jgt+1, Jg+1; Jg+2,
m, ...), where the blocks J; correspond to the eigenvalues A; and have the form
Ji = Diag (J}, J2,...); JF are the Jordan blocks of dimensions ny()\;) beginning with
the largest one.

Denote by ijl 4> X fle, ijlc, ijlD blocks of an arbitrary matrix X of the dimen-
sion n x n which are situated on the intersection of rows and columns belonging to
the blocks Jik and J]l-, Jik and J]l-, Ji’C and JJl», Ji’C and J]l, respectively. Denote elements
of these blocks by xi—“}A(r, ), xi—“}B (r,s), xf}c(r, s), and xij (r,8). In the case i = j we

will leave only one number in the subscript, e.g., X*|, =% (r, s).
Denote by R1Y a decomplexification of a complex matrix Y [3, pp. 244-245]
ReY —-ImY
RIY = ( ImY ReY )

Define a matrix Jp = Diag (J1,...,Jq, R1Jg41, Rl Jg42,...). The matrices Jp and J
are connected by the relation Jg = RJR™!, where R = Diag (I1, ..., Iy, I} 1, I 1o, .),

R™' = R = Diag(I1,... s Ags 1oy, 15 oy .). The blocks IJ’» have the form

1+14 I; —il;
A J J C /1
== (‘”j I )’ ' b

where [; is the identity matrix of the same dimension as J;. Let us choose the matrix
Cy transforming Ag to the Jordan form J (2.1) such that the matrices Cro = CoR™!
and Cpy = RC; ' are real. For this purpose it is sufficient to choose the matrix
Cy so that its columns, passing through the blocks corresponding to real eigenvalues
Jj, 3 =1,...,q, are real, and columns, passing through the blocks corresponding to
complex conjugate eigenvalues J; and J;, j = ¢+ 1,¢+2,..., are complex conjugate.
This is possible due to the reality of Ag. Then each column of the matrix Cry will be
equal to the sum of the real and imaginary parts of the corresponding column of the
matrix Cy. Using Cro the matrix Ay can be transformed to the form Jg

Ay = CoJCy! = CroJrClhy-

It is shown in [8], [3, pp. 244-245] that the real miniversal deformation A’,(p’),
p’ € RY to which an arbitrary family of real matrices A(p), A(py) = Ao can be
transformed by a smooth change of basis Cr(p) and a smooth change of param-
eters p' = ¢(p), ¢(po) = 0, can be chosen in the form A% (p') = Jr + Br(p'),
Br = Diag(Bs,...,By, R1Bgy1, R1By4a,...). Here B, is a block corresponding
to the block J; whose elements are all zero, except at the places indicated in Fig-
ure 2.3 (a, b, or ¢). In the blocks B;, j = 1,...,¢, the indicated places are filled
by independent parameters b’;?l(t)a, and in the blocks B;, j = ¢+ 1,¢+2,..., by
complex numbers bfl(t) = b;?l(t)a + ib?l(t)b, where bg?l (t)q and bfl(t)b are independent
parameters. Numbering of parameters bfl(t)a, bfl(t)b is carried out in the same way
as in section 2. Let us introduce families of matrices C = CrR, C~1 = R_lClgl,
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A" = J+ B, and B = Diag (B, ..., By, Byt1, Bgt1, Bg+2, Bgt2,...). Using expres-
sions A, = Jp + Br = R(J + B)R™' = RA'R™!, we obtain

(3.1) A(p) = Cr(p)AR((p))Cx' (p) = C(P)A'(¢(p))C " (p).

The family A’(p’) has the same structure as the complex miniversal deformation
in section 2. This family as well as A’ (p') is a miniversal deformation to which any
family of real matrices A(p), A(pp) = Ao can be transformed in the vicinity of the
point p = po, but it and the families C, C~! contain complex elements. For derivatives
D" of the functions p’ = ¢(p), C(p), and C~1(p) transforming the family A(p) to the
form A’(p’) the formulae of Theorem 2.4 are valid if we assume bfl(t) = bfl(t)a for
j < ¢ and bfl(t) = bé‘?l(t)a + ib?l(t)b for j > q. Using the relations Cp = CR™!,
Cgl = RC~! and Theorem 2.4, analogous formulae can be found for the derivatives
D"Cg, D"C', D"bE (1), and D bk (t),.

THEOREM 3.1. Let A(p), p € R™ be a family of real matrices. Then the follow-
ing formulae are valid for derivatives D", |h| > 0 of the functions Cr(p), Cgl(p),
bfl(t)a(p), and bfl(t)b(p) transforming the family A(p) to the real miniversal defor-
mation A%z (p') described above (3.1)

1°.
tr® [(R~'FrR)"! tr® [(R~'FrR)"!
DRE(), = Re Ll o Bl gy, — T o Jal,
i akl(t) J o (t)
Fr=Cpq <DhA— > Cplets D ey DR2AY, DR O
hi+hgo+hz=h
h1,ho,h3#h
+A Y CpDMCy Dh2o,;1> Chro.
hi+ho=h
hi,ho#h
2°.
D"Cp = CroRXR™,
G =RY(D"A, — Fr)R.
3°.

DM"CRl =—Cry Y CpDMCrDMCR

hi4ho=h
ho#h

Here elements of the blocks X, and XF. are expressed in terms of elements of the
blocks Gf}; and G%, respectively, by formulae (2.8), and elements of other blocks of
the matriz X are expressed in terms of elements of the corresponding blocks of the
matriz G by formulae (2.7). In the last case it is necessary to take into account that
the complex conjugate eigenvalues \;, \; are considered independently (for example,
to obtain the formulae for elements of the block ijlc, it is necessary to replace in
(2.7) (\i = Aj) by (N = X;) and gff (r1,51) by g}jc(r1, 1))

Proof. The proof is based on the connection of the real and complex miniver-
sal deformations (3.1). First let us consider a structure of the complex miniversal



408 ALEXEI A. MAILYBAEV

deformation A’(p’) more thoroughly. As shown above, the matrix A’ has a block-
diagonal form with blocks A’ ,, j < g and A},, Alp, i > ¢ corresponding to the
real and complex eigenvalues A\; € R, j < ¢ and A;, \; € C, j > ¢, respectively.
The blocks A’ 4 depend on parameters bfl(t) = bfl(t)a for j < ¢ and on parameters
b;?l(t) = bfl(t)a + ibfl(t)b for j > g. The blocks A%, = A, j > g depend on pa-
rameters bfl(t) = bé?l(t)a - ibfl(t)b. Thus, we have a connection between the real and
complex miniversal deformations, as well as transformation functions in the form

(3.2) A'=R1'ARR, C=CrR, C'=R1'Cy,
OE (t)a | <q,

(3-3) b;‘?l(t) = iz( ! 1kl J
DEL (1) + ¥ (t)s,  J > q.

The formulae of theorem 2.4 are valid for derivatives of functions b?l(t)(p), C(p),
and C~!(p). Combining these formulae with equalities (3.2) and (3.3), we can obtain
expressions for derivatives of bfl(t)a7 b;?l(t)b, Cr, and Cgl.

Substituting relations (3.2) into formulae (2.5), (2.6), and (2.9), we obtain

(3.4) F = R™'FgpR,
(3.5) D"Cp = CroRXR ™',
(3.6) G = R Y(D"A% — FR)R.

It follows from expressions (3.3) and Theorem 2.4 that the derivatives Dhbg?l (t)a
and Dhb?l(t) » can be found by taking the real and imaginary parts of the right-hand
side of relation (2.4) and using expression (3.4) for the matrix F. This proves item 1°
of the theorem.

Ttem 2° follows directly from relations (3.5), (3.6), and Theorem 2.4. The fact
that the matrix D"Cg calculated by these formulae will be real can be proved in the
following way. Elements of the matrix G = R™'GrR, where Gr = DhAg% —Frisa
real matrix, have the properties gfle(T, s) = gfle(r, s), gfle(r,s) = gfjic(r,s). It can
be shown that elements of the matrix X obtained from such a matrix G have the
same properties. It remains to note that then the matrix RX R~! and, consequently,
the matrix D"Cr = CroRX R~ will be real.

For the proof of remaining item 3° of the theorem it is sufficient to substitute the
relations C' = CrR and C~' = R™1C}" into expression (2.10). ad

For derivatives of the zero order h = 0 we have DA}, = Jg, D°Cr = Crgo,
and DOCI;1 = Cﬁé. The recurrent procedure described in Theorem 3.1 allows finding
derivatives D" of the real functions Cg, Cgl, ©, transforming the family of matrices
A(p) to the real miniversal deformation A% (p’), for any h. Using these derivatives,
the real family A(p) can be transformed to the normal form with the accuracy up to
o(|lp — pol|?), where s is the degree of smoothness of the family.

3.1. Example. Let us consider a one-parameter family of real matrices A(x) of
the order 4 x 4 having at the point x = 0 the pair of complex conjugate eigenvalues
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A=1+1i, A =1 —i with corresponding Jordan blocks of the order n(\) = 2:

1—42? 14z 22 1

—14+2x 1—2 1—22% 3x+ 222
222 222 1—2z 14z
—x 3x 1 + 422 1+x

A(z) =

The normal forms A’(p’) and A%, (p’) of this family and the function p’ = p(x) deter-
mined using the recurrent procedure of Theorem 3.1 (up to o(z?)) have the form

1 1 -1 0
o) = b(?)a 1+g(1)a —b§2)b —1—1b(1)b |

b2y 1401y b2 14+b(1),

1+ 1 0 0
s b)) 1+ite(l) 0 0
0 0 b(2) 1—i+b(1)

B(2) = b(2)a +ib(2)y = — L+ 202 4 i<§x - Z;ﬁ) + o(z?).
2 8 2 4

4. Application to stability theory. As an application of miniversal deforma-
tions to the stability theory, let us consider a problem of investigation of the stability
domain of a family of real n x n matrices A(p), p € R™ in the vicinity of a singular
boundary point. The stability domain of a family of matrices A(p) is a set of val-
ues of the vector of parameters p at which all eigenvalues A of the matrix A(p) have
negative real parts Re A < 0. A boundary of the stability domain is characterized by
matrices A(p) having pure imaginary eigenvalues Re A = 0, while for all other eigen-
values Re A < 0. Nonsingular points of the stability boundary are characterized by
the existence of only one simple zero eigenvalue A = 0 or one pair of simple complex
conjugate eigenvalues A = +iw on the imaginary axis. Otherwise the boundary point
is singular [2], [3, pp. 255-256]. A linear approximation of the stability domain at the
boundary point is described by a tangent cone introduced by Levantovskii [10].

DEFINITION 4.1. A tangent cone to the stability domain at the boundary point is
a set of direction vectors e = dp/ds‘szo of the curves p(e), € > 0, which start at this
point and lie in the stability domain.

A concept of the tangent cone can be illustrated by a simple example; see Fig-
ure 4.1. Here the tangent cone to the stability domain S = {p = (p1,p2)T : 2p2 >
p1 + p3, 2p1 + p? > po} at the origin has the form of an angle K = {e = (e1,e2)T :
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b

0 b

F1G. 4.1. A tangent cone to the stability domain.

2eq > e1, 2e1 > eg}. Thus, the tangent cone consists of all vectors directed into the
stability domain or tangent to its boundary.

n [10], using the miniversal deformation tangent cones have been described for
some types of singular boundary points up to a linear diffeomorphism. In this section
using the miniversal deformations and Theorem 2.4 expressions for tangent cones in
the parameter space are found for all types of boundary points. It is shown that for
determining the tangent cone we need only the Jordan form of the matrix A and its
first derivatives with respect to parameters at the boundary point under consideration.

Let p = pg be a boundary point of the stability domain and let A\g = 0, A\; =
iwj # 0, \j = —iwj, j = 1,..., k be pure imaginary eigenvalues of the matrix A(po)
(i is the imaginary unit).

THEOREM 4.2. Assume that each pure imaginary eigenvalue Ao, Aj )\j, j =
1,...,k of the matriz A(po) has exactly one corresponding Jordan block of the dzmen—
sionn;, j =0,...,k. If the system of vectors f(l1), g;(l2), hj(l3) e R™, 11 =1,...,ng,
lo=1,...,n5,l3=2,...,n5, j =1,...,k, is linearly independent, where

£ = (e EFL O Em])

(4.1) gi(12) = (Retr™[F(1)}1), .., Retr(2 [F(m);l})T ,
hy(ls) = (Im ) [F1)1],... Im tr“3>[F(m);1})T :
04
F(r) = Gy 5

and derivatives are taken at p = po, then the tangent cone to the stability domain of
the family A(p) at the point p = po has the form

K = {eeR™:
) (F(1),6) SO, (7(2),6) SO, (7(8),¢) =+~ = (F{mo),) =
' (9j(1),¢) <0, (gg( )s€) < 0 ( (3)76) = (g5(ng),e) =0,

(hj(2),e) =---=(hj(n;),e) =0, j=1,...,k }.

Here (z,y) = o'yl + -+ a™y™ is the scalar product in R™. In the case when zero



TRANSFORMATION OF MATRIX FAMILIES TO NORMAL FORMS 411

is not an eigenvalue of the matrixz A(pg) the expressions containing the vectors f(1)
have to be excluded from (4.2).

For the proof of the theorem we need the following lemmas.

LEMMA 4.3. The tangent cone to the stability domain of the family of polynomials

2" — a1t — - —a, at the point a; = --- = a, = 0 in the parameter space
p=(a1,...,a,)T € R™ is equal to the set {a; <0, a3 <0, a3 =---=a, =0}.

LEMMA 4.4. The tangent cone to the stability domain of the family of polynomials
2" — (ay +1iby)2" "t — - — (a, +ib,) at the point a; = by = -+ = a, = b, =0 in
the parameter space p = (a1, by, ..., an,b,)T € R®™ is equal to the set {a; <0, by €
R, CLQSO, b2:a3="':an:bn=0}.

A polynomial is said to be stable if real parts of all its roots are negative. Lemmas
4.3 and 4.4 have been formulated and proved in [10].

LEMMA 4.5. For any o] < 0, o < 0, j = 0,...,k, there exists a curve
q1(g), ¢1(0) = 0 in the space q; = (aljll7 b{j, lo # DT of all coefficients (except
bl,...,b%) of the polynomials

an _ a?xn@*l . — a707/07
(4.3) S _ _
2% — (0 b))z T == (] b)), =1k,

such that all polynomials (4.3) are stable along the curve at € > 0, the vector of
coefficients qz = (b},..., 00T is related with q, and € by an arbitrary given smooth
function g3 = Q2(q1,¢), @2(0,0) =0, and the following conditions are fulfilled:

da’ dd dd? da%,
ﬂ:ajp&:a%7&:"':71:07].:07"'71%
(4.4) de de de de
’ dv’ bl

Proof. Let us consider polynomials of the form

w5 (z+e*)" 2 (2% 4+ (—afe + %)z — ade + €°),
4.5 ) . )
(z+ %) 72 (2% + (—(a] + ib])e + €°)z — aje + 7).

These polynomials are stable at € > 0 and their coefficients, obtained after performing
multiplication, satisfy conditions (4.4). Expressing these coefficients through ¢, =
(ble,...,bke)T ¢ and then substituting the obtained expressions into the relation
g2 = Qa2(q1,¢€), we obtain ¢a = Q%5(ge, ). Moreover, the matrix of the derivatives
0Q%/0qo is the zero matrix at ¢ = 0. Hence, by the implicit function theorem the
vector gz is a smooth function ¢z = Q5(¢) in the vicinity of e = 0. If we substitute
the function g2 = (b])T = Q4 (¢) into (4.5), the coefficients of polynomials (4.5) will
form the desired curve ¢; = ¢ (¢). 0

Proof of Theorem 4.2. Using expression (2.2) the characteristic equation of the
matrix A(p) in the vicinity of the point py can be written in the form

det(A(p) — AE) = det(C(p)A'(¢(p)C ™" (p) = AE) = det(A'(¢(p)) — AE) =0,

where A’(p’) is the miniversal deformation of the matrix A(pg). Hence, stability of the
matrix A(p) is equivalent to stability of the matrix A’(p(p)) (normal form) and, by
virtue of the block-diagonal structure of A’, it is equivalent to simultaneous stability of
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all its blocks. The blocks corresponding to eigenvalues of the matrix Ay with negative
real parts are stable at the point py and, consequently, in the vicinity of this point.
Thus, stability in the vicinity of pg is characterized by stability of the blocks Ay, A;,
/T;, j = 1,...,k, corresponding to pure imaginary eigenvalues or, since the blocks
A;- and I; are stable or unstable simultaneously (because of complex conjugacy; see
section 3), by stability of the blocks Aj, A}, j =1,..., k. Choosing the blocks Ap, A}
as the blocks of the type (a) (see Figure 2.2), and taking into account that there is
only one Jordan block corresponding to each eigenvalue, their characteristic equations
take the form

det(Af) — )\E) = )\ _ b(l)l(l)a)\no—l L b(l)l(no)a —0,
(46) det(Aj = AE) = " — (b ()a + b} (1)p)n™ ™" —
n:Aiiwﬁ jzl,...,k,

where b5 (I1)a, bj'(l2)a, and bj'(I3), are parameters of the miniversal deformation
smoothly depending on p. By Theorem 2.4, and using expressions (4.1), we get

(4.7) Vbo' ()a = f(lh), Vb (l2)a = g;(l2), Vb (I3)s = hj(l3),

T
V- (33) |
apl apm

Let us consider an arbitrary smooth curve p = p(e) with a direction e = dp/de.
Coefficients of polynomials (4.6) along this curve have the form

b (I1)a(e) = (f(I1), e)e + O(?),
(4.8) bj' (l2)a(e) = (g;(l2), €)e + O(e?),
b (I2)s(€) = (hj(l2), e)e + O(e?).

Applying Lemmas 4.3 and 4.4 to polynomials (4.6) and taking into account expressions
(4.8), we obtain that conditions (4.2) are necessary for the curve p(e) to lie in the
stability domain.
Let us prove that conditions (4.2) are also sufficient. Denote by ¢ a vector whose
components are b (l1)a, b}l(lg)a, and b;l(lzg)b, and by q1, g2 the parts of ¢ so that
= (b1 (1)p, ..., b} (1)p)T and ¢y consists of d’ = ng +2ny + - - - + 2ng — k remaining
components of the vector ¢. The vectors ¢, ¢;, and g2 are connected with p by smooth
functions ¢ = Q(p), 1 = Q1(p), and g2 = Q2(p), which are parts of the mapping
p’ = ¢(p). The Jacobian d@/dp is a d’ x m matrix whose rows f(l1), g;(l2), h;(l3),
l3 # 1 form, according to the conditions of the theorem, a linear independent system.
Let p; be the vector consisting of d’ components of the vector p, which corresponds
to a linearly independent system of columns of this Jacobian, and denote by ps the
vector consisting of the remaining components of p. Then det[dQ;/dp;1] # 0 at the
point p = pg, and by the implicit function theorem p; = P;(q1,p2) in the vicinity of
the point p = pg, g1 = 0. By substituting this relation into g2 = Q2(p1,p2), we get
g2 = Q%(q1,p2). Let us consider an arbitrary direction e satisfying conditions (4.2) and
assume that ps = ege, where e and e are the parts of the vector e corresponding to
p1 and po, respectively. Then g; = Q4(q1, eae) = Q4 (q1,€). By Lemma 4.5 there exists
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a curve ¢; = ¢1(¢) such that dq;/de = (dQ1/dp)e, g2 = Q% (q1,¢) and all polynomials
(4.6) are stable at ¢ > 0 (conditions (4.4) of the lemma are fulfilled due to (4.2),
(4.8)). Then the curve p = p(e), € > 0 such that py = Pi(q1(¢), e2€), p2 = ea¢ lies in
the stability domain of the family A(p) and has the direction e, which was chosen as
an arbitrary direction from the set (4.2). o

Theorem 4.2 covers a case when all pure imaginary eigenvalues of A(pg) are non-
derogatory (have only one corresponding Jordan block). In the general case, when
some pure imaginary eigenvalues of A(pg) have several corresponding Jordan blocks,
the tangent cone to the stability domain is no longer a product of lines and half-lines
as in (4.2). Investigation of this case is much more complicated. However, using an
approach presented in the proof of Theorem 4.2, it is possible to find sets of directions
belonging to the tangent cone for a boundary point of an arbitrary type.

THEOREM 4.6. Let Ao = 0, A, )\J, j=1,...,k be pure imaginary eigenvalues of
the matriz A(po) and let each eigenvalue \;, j = 0, ...,k have corresponding Jordan
blocks of the dimensions ni(A;) > na(XA;) > ---. Assume that the system of vectors

(), g5°(l2), hi*(ls) € R™ forr > s and I3 # 1 at v = s is linearly independent,
where

70 = (e EQF . e Em))

(19) o) =(Reu [P, Rets @ F(m);?))

T
h7 (ls) :(ImtrUB) D7, It [Fm);])

0A
Opy

F(r)=Cq?

and the derivatives are taken at p = pg. Then the set

Ky ={eeR™
(/" (1),e) <0, (f7(2),e) <0, (f7"(3),€) =--- = (" (nr(X0)),€) =0,
(4.10)  (g5"(1),e) <0, (g57(2).€) <0, (gj"(3),€) = -+ = (gj" (nr(};)),€) =0,
(hj"(2),€) = --- = (hj"(nr(A))),€) = 0,
(f(l),e) = (9;°(l2),e) = (h;*(l2),e) =0, 7>, j=1,...,k }

belongs to the tangent cone to the stability domain at the point py. Analogously, if the
system of vectors (4.9) forr < s andls # 1 at r = s is linearly independent, then the
set

Ky ={eeR™
(f"(1),e) <0, (f7(2),e) <0, (f(3),€) == (f"(nr(N)),e) =0,
(411)  (g5"(1),e) <0, (g57(2).€) <0, (g5"(3),€) = --- = (gj" (nr(};)),€) =0,
(hj"(2),€) = --- = (hj"(nr(A;)),€) = 0
(f"(lh),e) = (g;°(l2),e) = h}*(l2),e) =0, r <s, j=1,...,k, }

belongs to the tangent cone.
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Proof. Characteristic equations of the blocks A’ in this case cannot be written
explicitly as in (4.6). However, if we consider curves p = p(e) lying on the surface
determined by the equations

(412) bgs(ll)a(p) = b;S(ZQ)CL(p) = b;S(ZQ)b(p) =0, r>s, j=1,..., k,

the blocks A} will have block-triangular form, and their characteristic equations along
these curves will take the form

det(4f — AE) = [T (X0 = b7 (1) A 0001 — oo = 57 (n,(A0))a ) = 0

T

(4.13) det(A) = AE) =[] (0™ ) = (05" (1)q + i b} (1)) M)~ — -

r

—(b;r(nr()\]))a+Zb§r(nr(/\]))b)) :07 7]:)\—@%, j: 1,,]{;
By Theorem 2.4 and using expressions (4.9), we obtain
Vg (l1)a = (1), Vb (l2)a = g;°(l2),  VO3*(l3)s = hj*(I3).

Since the system of the vectors f"*(l1), g7°(l2), h}*(l2), 7 > s is linearly independent,
by the implicit function theorem (4.12) can be solved with respect to a part of variables
p1 = Pi(p2), where p; and py are parts of the vector p. Then the coefficients of
polynomials (4.13) depend only on the vector of parameters po, and the direction of
any curve p1 = Py (p2(g)), p2 = pa(e) satisfies all the conditions standing in the last row
of (4.10). For the proof of the theorem it is sufficient to find a curve ps = py(e) having
an arbitrary chosen direction e such that the vector e consisting of e; = (dP; /dps)es
and ey satisfies all conditions (4.10), and all polynomials (4.13) are stable along this
curve (conditions in the last row of (4.10) are satisfied automatically due to the choice
of e1). This problem coincides with the problem solved in the proof of Theorem 4.2.

To prove that the set (4.11) belongs to the tangent cone, one should consider
curves lying in the surface

bgs(ll)a(p) = bgs(ZZ)a(p) = b;S(l2)b(p) = 07 r<s, ] = 13 ceey k.

Then the proof is carried out analogously. 0

The relations determining sets (4.10) and (4.11) are sufficient conditions that a
direction belongs to the tangent cone. Note that Burke and Overton [4] obtained
necessary conditions for the stable perturbations of the matrix in the general case,
which can be used as necessary conditions that a direction belongs to the tangent
cone.

In the nonderogatory case, sets (4.10) and (4.11) coincide and are equal to the
tangent cone by Theorem 4.2. Theorems 4.2 and 4.6 give a constructive method for
determining the tangent cone to the stability domain at the boundary point. For this
purpose we need only information about the matrix A and its first derivatives with
respect to parameters at the point under consideration.

In the case of Theorem 4.2 for determining the tangent cone, we need to transform
the matrix Ag = A(po) to the Jordan form (2.1) and find the derivatives 9A/dp, at
the point under consideration. Note that components of vectors (4.1) are sums of
products of some row of the matrix C ! by the matrix 9A/dp, and by some column
of the matrix C'y. Moreover, only the columns and rows of the matrices Cy and C L
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corresponding to the blocks of pure imaginary eigenvalues, are used. This fact can be
used to reduce the amount of calculations for determining the tangent cone.

It is well known that the columns of the matrix Cy corresponding to the block A;
(in the nonderogatory case) are the eigenvector and associated vectors u?, .. ?"'71
(also called generalized eigenvectors) of the eigenvalue A;

0 0
Aouj =Ajuy,

1

U

U

1 0
AO 7/\juj + uj,

(4.14)

njfl
Aouj

:)\ju '+ u; 2

Then the rows of the matrix Cy ' corresponding to the same block are determined as

taken in reverse order,

. . n;—1
the left eigenvector and associate vectors vt T, ],

UA()—]]7

v; LA, —)\jv —|—v

(4.15)
v;’_le :/\jv‘?j_l + v;”_z,
and satisfying the normalization conditions
0 nv—l_ 1 nj—1 _ L
(4.16) vju;’ L, vju” =0, I=1,...,n;—L

Using these properties of the matrices Cy and Cjy 1 expressions (4.1) can be written
in the form

no—l1 no—l1 T
aA no— ll t 6A no— ll t
f@):(}j U 75, U0 e > U5, U0 :

t=0 t=0

nj—ly T
L OA . _ -

(4.17) gj(lg):(Re Ja ~—uy’ =7 Re vl 2= t) ,
P1

A

t=0 t=0 ! Opm

hy (Im njz nj—lg t Im njz_l3v A ._53 t>T
Pt K 5171 ’ 7 Opm,

t=

nj—lg

0

According to (4.17), for determining the vectors f(I1), g;(l2), and h;(l3) we need
to know only right and left eigenvectors and associated vectors corresponding to pure
imaginary eigenvalues and satisfying normalization conditions (4.16), and the deriva-
tives 0A/Ip,, r = 1,...,m at the point p = py.

Analogous expressions can be obtained for vectors (4.9). For this purpose in ex-
pressions (4.17) one should substitute f"*(l1), g7°(l2), h”(lg) uly, v5,., ng, 0 instead
of f(l), gj(l2), hj(l3), uf, vt no, n], respectively, Where ng = min(n,(Ao), ns(Ao)),
n; = min(n,(};), ns()\j)) and uf, vt t=0,...,n.(\;) — 1 are right and left eigen-
vectors and associated vectors corresponding to the Jordan block J7 of the eigenvalue

Aj. In this case the normalization conditions for the vectors ij tz take the form
(4.16), while the normalization conditions for the vectors uﬁr, vjs, r 7é 5 are

nr(Aj)—1 ng(r;)—t

o u =0, t=1,....n,, j=0,....k

VR
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Note that Theorems 4.2 and 4.6 are valid in the case of families of complex ma-
trices smoothly depending on a vector of real parameters, if the vectors g;(l1), h;(l2),
and ¢7°(l1), h}°(l2) are determined separately for each pure imaginary eigenvalue of
the matrix Ay (also for the zero eigenvalue and for each of the complex conjugate
eigenvalues, if any) and the expressions containing the vectors f(I) and f7*(l) are
excluded from (4.2), (4.10), and (4.11).

If we consider generic families of matrices [1, 2, 3] the condition of linearly inde-
pendence of the system of vectors in Theorem 4.2 is satisfied. It follows from the fact
that, in the generic case, the codimension of a surface in the parameter space R™
(stratum), on which all the matrices A(p) have the same type of Jordan structure of
pure imaginary eigenvalues of the matrix Ag, is equal to d' = ng+2n1 +---+2n, — k
(the number of parameters of the miniversal deformation, which correspond to the
blocks of pure imaginary eigenvalues minus the number of nonzero pure imaginary
eigenvalues, whose magnitudes are arbitrary on the stratum). There is a field of vec-
tors (4.1) determined on this surface (d’' vectors at each point). The condition that
the system of these vectors is linearly dependent leads to m equations at each point
of the surface, where components of one vector are expressed as a linear combination
of corresponding components of the other vectors with (d' — 1) arbitrary coefficients.
These equations are equivalent to (m — d’ + 1) equations which do not contain these
coefficients. But, since the dimension of the stratum is equal to m — d’ (less than
the number of equations), in the generic case these equations have no solution on the
stratum. This means that the system of vectors is linearly independent. The analo-
gous statement is correct in the case of Theorem 4.6. Thus, Theorems 4.2 and 4.6 can
be applied to all points of a boundary of the stability domain of a generic family of
matrices.

5. Conclusion. In this paper the problem of transformation of families of ma-
trices to the Arnold’s and Galin’s normal forms (miniversal deformations) is solved.
A constructive method determining a change of basis and a change of parameters,
transforming a family of real or complex matrices to the normal form in the vicinity
of the initial value of the parameter vector, is suggested. Finding the miniversal de-
formation of a family of matrices and describing the transformation to it represent a
complete procedure of transformation to the normal form (2.2). The first step in this
procedure is transformation of the matrix Ay = A(po) to the Jordan form (2.1) and
finding the miniversal deformation A’(p’) according to [1, 2, 3]. Then, using Theorems
2.4 or 3.1, the derivatives of the families C(p), C~1(p) and of the mapping p’ = »(p),
with respect to the parameters at the point p = pg, are determined. At this step a
recurrent procedure is used. Note that the procedure consists of only explicit relations
containing elementary arithmetic operations. Using the obtained derivatives, the de-
sired functions p’ = ¢(p) and C(p), C~1(p) (describing a change of parameters and a
change of basis) are found as Taylor series. Thus, the procedure of transformation of
a matrix family to the normal form is complete.

The spectrum of the normal form A’(¢(p)) coincides with the spectrum of the
family A(p), but A'(p’) is a family of sparse matrices depending on parameters in
a quite simple way. This makes it efficient to apply normal forms (if the mapping
P’ = ¢(p) is known) to investigation of different properties of the spectrum of the
family A(p). In section 4 the stability domain of a family of matrices in the vicinity of
the singular boundary point p = pg is studied. In the cases when all pure imaginary
eigenvalues of the matrix A(py) are nonderogatory, tangent cones to the stability
domain at the point p = py are found. In the case of an arbitrary Jordan structure
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of A(po), sufficient conditions, which describe directions belong to the tangent cone,
are found. These conditions describe subsets of the tangent cones. It turns out that
tangent cones are determined by the right and left eigenvectors and associated vectors
corresponding to pure imaginary eigenvalues and the first derivatives of the matrix
A(p) with respect to parameters at the point p = py. Expressions determining the
tangent cone are explicit and simple. They can be used in different stability problems
studying dependence on parameters.

Moreover, by means of using transformation to the normal form, it is possible
to investigate local properties of the spectral radius, to solve the problems of finding
eigenvalues of perturbed matrices, etc. In this connection it is convenient to investi-
gate the collapse of nonderogatory multiple eigenvalues. In this case the perturbed
eigenvalues are determined as roots of a polynomial whose coefficients are obtained
from Theorem 2.4.
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